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A general theory of the linewidths in the electron spin resonance spectra of dilute solutions of free radicals
has been developed in terms of the relaxation-matrix theory of Bloch, Redfield, and Ayant, In contrast to
previous theories, it is shown that a composite line arising from a set of degenerate nuclear-spin states
should, in general, consist of a sum of superimposed lines of Lorentzian shape with different widths rather
than a single line with an over-all Lorentzian shape. A single Lorentzian line is still obtained, however, as a
limiting case when the variation of the widths of the different components of a composite line is small com-
pared to the average width. Although the non-Lorentzian shape of a composite line is often difficult to ob-
serve experimentally, a number of other observable properties are predicted by the present development
that are outside the scope of the previous theories. For example, linewidth effects resulting from differences
in the widths of the separate components of a composite line are predicted that explain the alternation in
the linewidths from one hyperfine line to another recently observed in the ESR spectra in certain free radi-
cals. The detailed form of the relaxation matrix is presented for intramolecular anisotropic and isotropic
electron—nuclear dipolar interactions, quadrupole interactions, and g-tensor relaxations. Modulations of
the spin density and hyperfine splittings are included, as are internal motions, and a number of cross terms
between the different relaxation mechanisms arise. In general the relaxation matrix of a composite line
contains significant off-diagonal elements, and the determination of the linewidths requires the evaluation of
the eigenvalues of the matrix. Problems involving rapid chemical exchange, or modulation by jumps to a
small number of sites, can be treated by the relaxation-matrix theory and, under special restrictions, by
either the modified Bloch equations or the Anderson theory of motional narrowing. When applicable, these
latter procedures can be used over the entire range of exchange rates, while the relaxation-matrix theory is

limited to fast rates only.

I. INTRODUCTION

HE first theoretical analysis of magnetic-resonance
linewidths was presented by Bloembergen, Purcell,
and Pound (BPP),! but early studies? of the electron-
spin resonance spectra of free radicals in solution indi-
cated that this theory was not sufficiently general to
account for the experimental observations. Subse-
quently a general theory was developed by Kubo and
Tomita® which was then used by Kivelson* to obtain a
theory for the linewidths in ESR spectra. Kivelson’s
results were in general agreement with the experimental
observations.>~ The saturation behavior of free radicals
was also investigated,’8%-1 and the theoretical account
was in adequate agreement with most of the experi-
mental findings.
Recently a number of ESR spectra have been re-
ported which exhibited a new type of phenomenon:
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the linewidth was found to alternate in magnitude from
one hyperfine component to another. This alternating
linewidth was observed in the spectrum of the dihy-
droxydurene (1,4 - dihydroxy - 2,3,5,6 - tetramethyl-
benzene) cation,? the dinitrodurene (1,4-dinitro-
2,3,5,6-tetramethylbenzene) anion,”*® the dinitro-
mesitylene (2,4 - dinitro - 1,3,5 - trimethylbenzene)
anion,*% and the m-dinitrobenzene anion,” as well as
several other radicals.®® These linewidth variations
could not be explained by the Kivelson~Kubo-Tomita
theory, and we were therefore led to a re-examination
of the theory of linewidths in ESR spectra.

It is well known that the BPP theory of linewidths
is not generally satisfactory®®2; but there are two
particular problems which make it unsuitable for appli-
cation to the ESR spectra of free radicals in solution.
The first problem arises even if there is only a single
nucleus interacting with the unpaired electron. Here
the BPP theory breaks down because it does not pro-
vide a means of taking into account the nuclear-spin
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relaxations which cause transitions between different
hyperfine components. The Kivelson-Kubo-Tomita
theory handles this situation without difficulty. The
second problem arises in the presence of several equiva-
lent nuclei because of the degeneracy of the nuclear-spin
states. The degeneracy causes special complications,
and as will be shown in the following, it is this part of
the theory that requires modification.

Several authors®? have presented an alternative to
the general theory of magnetic resonance relaxation
developed by Kubo and Tomita. These treatments
utilize an approximate form of the equation of motion
for the density matrix of the spin system in terms of
what may be called a relaxation matrix. Since this
theory can be applied to the ESR spectra of free radicals
in a straightforward way which eliminates any ambi-
guity in handling the degeneracies of the hyperfine
components, it has been employed throughout in the
following.

In Sec. II, the general formulation of the relazation-
matrix theory is outlined, and in Sec. III it is shown
that a degenerate ESR line may consist in general of a
superposition of several Lorentzian lines of different
widths. Section IV is devoted to a detailed specification
of the form of the relaxation matrix for the most im-
portant types of relaxation processes, and much of the
development in this section, as well as in Sec. II, is
presented in general form for use in subsequent work.?
Simple applications are then made to problems in-
volving modulation of the isotropic hyperfine interac-
tion (Secs. V and VI) and a theory is developed to
account for the alternating linewidth phenomenon. In
Sec. VII, the problems encountered with nondiagonal
relaxation matrices are discussed, and in Sec. VIII a
comparison is made between the relaxation-matrix
theory and the application of either the modified
Bloch?~% equations or the Anderson theory of motional
narrowing? to problems involving chemical exchange
and jump-type modulations.

II. GENERAL THEORY

In this section we briefly outline that part of the
theory of magnetic resonance line shapes and widths
which is required to treat the ESR spectra of free
radicals in solution. The general theory is due to
Bloch,”® Redfield,”? and Ayant,” and for the most part
we use the development of Abragam.” For brevity, no
derivations are given in the following, and only those
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results needed for defining the notation or for subse-
quent applications are presented. The system is de-
scribed by a Hamiltonian #3C, is of volume V, and at
temperature 7. When an rf field of frequency w/2x is
applied to the system, the magnetic absorption is
determined by the imaginary part of the magnetic
susceptibility which can be shown to be given by®*

wV

—Y [T cosat T ML ()M Jd, (2.1
*T TiE), coswt Tr[ M, () M, Jdt, (2.1)

X" (w)

where M., is the operator for the x component of the
macroscopic magnetization of the sample,

M.(t) = exp(i3Ct) M, exp(—13Ct), (2.2)
and & is the unit operator in the vector space spanned
by 3C. Equation (2.1) is valid to first order in the
amplitude of the rf field (no saturation), and at high
temperatures [ (A3C/ET)<<1].

For most of our purposes, we can use a semiclassical
formulation in which the total Hamiltonian of the spin
system is divided into two parts®*2.%
The zero-order Hamiltonian 7%3C, is time independent
and gives rise to a sharp-line spectrum, while %3¢, (¢) is
a fluctuating time-dependent perturbation which causes
relaxation and line broadening. The operator 3¢, (¢) is a
stationary random function with a time-average value
of zero. It includes the effects of the random molecular
tumbling motions of the radical resulting from colli-
sions with the solvent, internal rotation and vibration,
and the disturbances introduced by fluctuating com-
plexes between the radical and solvent. By “solvent”
we mean the major constituent of the solution and also
all solutes other than the radicals themselves. Some of
the solutes, such as, for example, alkali-metal cations
and oxidized or reduced forms of the radicals, may have
specific interactions with the radicals. The molecular
tumbling modulates the anisotropic intramolecular
dipolar interaction, the effects of the anisotropic
spectroscopic-splitting-factor tensor (g tensor), and
the quadrupole interaction. The internal rotation and
vibration, and the fluctuating solvent complexes, may
change both the geometry of the molecule and the
distribution of pi-electron spin density, and thus modu-
late the isotropic hyperfine interactions, the anisotropic
intramolecular dipolar interactions, the principal values
(and perhaps direction) of the g tensor, and the quad-
rupole interactions. Dipolar interactions between the
solvent and the radical, and chemical exchange be-
tween the radical and other species, can also be in-
cluded in the theory, but we specifically restrict our
considerations to solutions with sufficiently dilute con-
centrations of the radicals to permit the neglect of
radical-radical perturbations such as intermolecular
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dipolar interactions and quantum mechanical exchange
effects 4%

The time variation of 3C;(f) is assumed to be de-
scribed by a stationary Markoff process® so that the
random motions are described by only two probability
distributions. For any random process y(t), these dis-
tributions are the probability W(y)dy of finding y in
the range (v, y+dy), and the joint probability
Wa(y1; vor) dyidy, of finding y in the range (y1, y1+dmn)
at any time # and in the range (ys, y2-+dy.) at a time
&5, where, because of the stationary nature of the process,
W, depends on the time interval r=f—1, not on ¢4 or
t, separately. The joint probability Wadyidy, can be
expressed in terms of the conditional probability
P(y1 | y5, T)dy: that given y at an initial time, one
finds y in the range (s, y2+dys) at a time 7 later by the
relation

Wa(ys; yor) =W () P(31 | 2, 7). (2.4)
The average of a function f (y) =f[y(§) ]=f (¢) is thus

)= [W)f Gy, (25)
The only other average required is the correlation
function gi2(r) of two functions f(¢) and f2(¢), defined
by

gu(r) = {f1(O) f2*(t+7) )
= / dyW (1) f1(3) / dy:P(y1 | 32, 7)fa*(32). (2.6)

It follows from the usual assumptions of the theory of
random functions that? 8

gi2(7) = g —7) = gu™*(7). (2.7)
A sufficient condition for the general formulation of
the theory is that the motions be rapid in the sense

that 3212
C(] 30 Phwrd 1, (2.8)

where 7, is a correlation time characteristic of the
motion. Thus the present theory is applicable to the
jumping of an electron from one molecule to another,
as in the naphthalene-naphthalenide exchange reac-
tions studied by Weissman,® only in the limit of rapid
jump rates. Similarly, changes in geometrical conforma-
tion or spin-density distribution must be rapid in the
sense of Eq. (2.8).
The zero-order spin Hamiltonian is given by

7isto=0,8.S - Bo—A2_yli-Bo—#v.2_adi-S, (2.9)

0 G. E. Pake and T. R. Tuttle, Phys. Rev. Letters 3, 423
(1959).

a1 M. C. Wang and G. E. Uhlenbeck, Rev. Mod. Phys. 17, 323
(1945).

2 R. L. Ward and S. I. Weissman, J. Am. Chem. Soc. 76, 3612
(1934); 79, 2086 (1957).

FREED AND G. K.

FRAENKEL

where 83, is the Bohr magneton; By is the external applied
magnetic field; y.=— |v.| and v; are the magneto-
gyric ratios of the electron and the sth nucleus, respec-
tively; and the summations are over all magnetic
nuclei in the radical. The d@;= (a;(¢) ) are the values of
the isotropic hyperfine interactions (in gauss) averaged
over internal motions and fluctuating solvent interac-
tions. The quantity g, is the average value of the g
tensor and is given by

Jo=3 (1 tGotGs),

where the §i=(g:(¢)), i=1, 2, 3, are the principal
values of the g tensor of the radical averaged over
internal motions and fluctuating solvent interactions.
We restrict our considerations to radicals with a single
unpaired electron (S=1/2). The high-field approxi-
mation is assumed, and thus certain second-order
shifts are neglected.®# A line in the spectrum may be
degenerate, with degeneracy D, but each line is as-
sumed to be well separated from adjacent lines.

It is convenient to introduce the correlation function
of the electron-spin angular momentum,

G(t) = Tr[Sz(t) S:c:ly

(2.10)

(2.11)

where S, is the x component of the electron-spin
angular momentum of a single radical and S, (¢), which
is an ensemble average, is given in terms of S, by an
equation analogous to Eq. (2.2). The trace is taken
over the spin states of the electron and nuclei of a
single radical. This correlation function is a real and
even function? of . The imaginary part of the sus-
ceptibility can then be rewritten as

X" (@) = (wxos/22-De) I (w), (2.12)
where xo is the static susceptibility and
4 o
I(w)== f G(t) cosaldl (2.13)
T

is the spectrum normalized so that for a line of angular
frequency w; and degeneracy D; (see Sec. III),

f *L(w)dw=D;. (2.14)
0

The correlation function G() is evaluated by solving
the differential equation?

d
@1 S0 | o')= X Rawsy (8] SF(1) | 8) (2.15)
8sr

for the ensemble average of the matrix elements of the
x component of the electron-spin angular momentum
in the interaction representation,

S.H(8) = exp(—idCot) S.(¢) exp(idCet). (2.16)

% G. Breit and L. I. Rabi, Phys. Rev. 38, 2082 (1931).
#R. W. Fessenden, J. Chem. Phys. 37, 747 (1962).
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In Eq. (2.15), Raarsr, the relaxation matrix, is given by
Reaggr =2 aparsr (0as) — Barpr D ey (c08)
k

—8us DS varypr(@gry),  (2.17)
Y

where
Tasuw (@) =3[ (001(0) s () )

X exp(—iwt)dr (2.18)

and 30y (£) s is a short-hand notation for the e, 8 matrix
element of 3C;(¢), ie., 3¢ (#)as= (@ |3:(t) | B). The
angular brackets in Eq. (2.18) signify an average over
the random motion. Equation (2.17) is subject to a
restriction among the energies,

Ey—Eo=FEs—Ep.

Each index o, 8, <+ refers to a particular state, and
in general several states may have the same energy,
i.e., the energy levels may be degenerate. The angular
frequencies are defined by fiwas= —fiwga= Eo— Eg, and
it follows from Eqgs. (2.7) and the Hermitian character
of 3¢;(#) that the spectral densities J(w) satisfy the
relations

(2.19)

Japarg (@) = Tgrarpa(0) = Jagarg (—0) = Jpaprar™ () .
(2.20)

Imaginary terms in the relaxation matrix which give
rise to small second-order shifts of the line positions®-2
have been omitted from Eq. (2.17).

There are thus several steps in calculating the spec-
trum I (w). These include, first, the computation of the
spectral densities Jaargsr(w). The relaxation matrix
Roape is then evaluated from the spectral densities.
The differential equation for S;*(#) must be solved in
order to calculate the correlation function G(¢), and
finally I(w) can then be obtained from the Fourier
transform of G(¢). Before proceeding to these detailed
calculations, some general conclusions about the line
shape are first discussed (Sec. IIT).

1II. LINE SHAPE

The spectrum, and therefore the line shape, can be
specified in general terms by obtaining a formal solu-
tion of Eq. (2.15) for S:'(¢). Only the D;*-dimensional
subspace of the relaxation matrix Rawge which con-
tains all the states | @) and | &) for which

E,—E. =T (3.1)

are needed to determine the correlation function
Gi(t) for the line with angular frequency w, and the
formal solution of Eq. (2.15) is obtained by diago-
nalizing this part of the R matrix.®® In the appropriate
subspace, the matrix elements {a|.S:|a’) are taken
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as the components X;® of a D;2-dimensional vector
X®, Let U® be the unitary transformation which
diagonalizes the relaxation matrix R® in the subspace,

m,n=1

D 2
([U"" ]—1R(’°>U("’),- = i [U® i Rua® U, ;®

=\®3y, (3.2)

where the A{® are the eigenvalues of R,,®; and let
Y® be the components of a vector Y® obtained from
X® by the inverse of the transformation U®;
D;f
V0= Z[U(k) T iX .

J=1

Then it can be shown that®
2

Dy
Ge(8)=2cosant Y, | Vi@ Pexp(\®8)  (3.4)
=1

{3.3)

and, since on physical grounds the A/ must be nega-
tive, one obtains

Ty,
14+[Te, @ P (w—wy)?

where we have set [—A® =T, ,®, the transverse
relaxation time for the ¢th component of the line with
angular {requency wy.

The spectrum given by Eq. (3.5) is the sum of lines
of Lorentzian shape and different widths,2% and thus
in general the shape of a composite line is not Lorent-
zian. On the other hand, the Kubo and Tomita theory,?
as applied to the linewidths of free radicals by Kivel-
son,* predicts that a composite line should have an
over-all Lorentzian shape. Some examples of this
discrepancy between the two theories are discussed in
Sec. V. If all the 7,® are equal, Eq. (3.5) gives a
single Lorentzian line. To obtain the spectrum we note
that the matrix elements X;®=(a| S, |’) have the
value X;® =1 for D, of the matrix elements and zero
for the remaining D;(D;—1). This follows because in
the high-field approximation each state can be repre-
sented by a wavefunction which is a product of an
electron-spin wavefunction and one function from a
set of D, orthonormal nuclear-spin wavefunctions.
From Eq. (3.3},

ST =T X P,
% *

Dk2
Ii(w) = (4/7) Z_; | i@ P2 (3.5)

and thus
D, T,®

I(w) z; 1+ Ty P(w—w)?

(3.6)

A single Lorentzian line is also obtained if the
different eigenvalues A;® of the part of the relaxation

% The lines are, of course, not Lorentzian in the wings. See
Ref. 3 and 21,
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matrix R® related to the line of angular frequency w
do not differ appreciably from one another. Thus,
we write

Ai=A+48; (3.7

with
0K,

(where the superscript % has been omitted for brevity).
Now the only important contribution of Gx(#) to the
spectrum I;(w) is in the time interval 0<i~ |X; |7,
and since | 8;| << |\ |, | 8¢ | <1 in this time interval.
Equation (3.4) can thus be written

Gi(£)=22 cost exp(\) 2 | Vi [2(1+04)
2 coswt exp(\) 2 | Vi [H(1+450)

2 coswit exp[ (A\+8) t]Z | Vil (3.8)

where
S=[2 | VaPsd/ 20| Vil (3.9)
This Gx(t) leads to the spectrum I;(w) of Eq. (3.6),
ie., a single Lorentzian, with a transverse relaxation
time given by
Dy
1/ TP (NO+50) = — (4/D5) 30 X Ry X,

i,==1

= —(1/Dx) 27 Rii®, (3.10)
1M
where the prime is used to indicate that the last sum-
mation contains only terms in the D;-dimensional sub-
space for which neither X;® nor X;® vanish. As is
shown in Sec. IV, it is always possible (in the absence
of appreciable quadrupole interactions) to choose a
representation by inspection for which off-diagonal
elements of R® in this subspace vanish [ see discussions
following Eqs. (4.45) and (4.50) in Sec. IV] and thus

1/To®2—(1/D3) 2 Ra®. (3.11)

Equation (3.11) is equivalent to Kivelson’s result,*
but it is clear that a single Lorentzian will not be ob-
tained in general. Equations (3.7) are, of course, only
a sufficient condition for obtaining a line with over-all
Lorentzian shape.

Although the foregoing theory shows that in general
a composite line will not have a Lorentzian shape,
shape-dependent parameters such as the linewidth and
the relative amplitude of a hyperfine component are
much more readily studied experimentally than the
shape itself. Line-shape investigations are notoriously
difficult because the wings must be carefully examined,
and in the typical ESR spectra of interest the wings
are obscured by too small a signal-to-noise ratio and
too great a degree of overlapping of adjacent compo-
nents. One of the problems in detecting that a lineis a

j. H. FREED AND G. K. FRAENKEL

superposition of Lorentzians rather than a single
Lorentzian may be illustrated by plotting the curve
resulting from two superimposed Lorentzian lines of
the same statistical weights (intensities) with line-
widths differing by a factor of 2. Inspection of the
computed curve for the first derivative (and com-
parable conclusions are obtained from the absorption
curve) shows that a single Lorentzian-shaped curve
can be fitted to the maximum deflection and the width
so as to reproduce this curve for the superimposed line
extremely well in the central portion. The single
Lorentzian line has too small an integrated intensity,
but differences in the amplitudes of the multiple and
single Lorentzians are only evident in regions greater
than several linewidths from the center of the spec-
trum.® As a second example with quite different prop-
erties, let us consider two superimposed lines of the
same statistical weight which differ in widths by a
larger factor. For definiteness, we take one line to
have a width of 0.1 G and the other a width of 0.5 G.
Then the amplitudes of the derivative maxima, which
are inversely proportional to the square of the widths,
would be 100 and 4, respectively, in arbitrary units.
Thus the broader of the two lines would be barely
detectable, and the line actually observed would have
a Lorentzian shape. In contrast, a single Lorentzian
line with the average width of 0.3 G and of the same
total integrated intensity, corresponding to the spec-
trum predicted by the Kivelson theory, would have an
amplitude of 11X2=22 in the same units. Thus even
though in many instances the experimental limitations
involved in line-shape studies may prevent the ob-
servation of non-Lorentzian shapes, the present treat-
ment predicts striking variations in the linewidths and
amplitudes which are outside the scope of the previous
theories.

IV. RELAXATION MATRIX

In this section we obtain the explicit form of the
relaxation matrix for dilute solutions of free radicals,
Radical-radical and radical-solvent dipolar interac-
tions are neglected. The small intramolecular nuclear—
nuclear dipolar perturbations are also not included.
We first summarize the procedure for averaging over
the molecular tumbling, and then give the form of the
perturbations and the correlation functions for the
interactions of interest. The different types of “equiva-
lent” nuclei and the appropriate basis functions are
discussed next. Finally, before presenting the detailed
expressions for the R matrix, the different types of
transition frequencies, and the importance of their con-
tributions, are summarized. Some of the expressions
obtained in this section are not needed for the problems
treated in the present work, but are included for com-
pleteness and for use in subsequent applications. 22

# J. Gendell {private communication),
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A, Perturbing Hamiltonian and the Correlation
Functions

The perturbing Hamiltonian #3C,(f) which we con-
sider contains contributions from the isotropic (3¢%)
and anisotropic (3¢?) intramolecular dipolar inter-
actions, the g tensor (39), and the quadrupolar
interaction

R3C1(¢) =R3CD (8) +AICD () +73CD (2) +7ICCD(2).
(4.1a)
It is convenient to write 3;(¢) in the form

()= X Fpd Em () dy @,

Lim,p,e

(4.1b)

where F, /@™ (t) is a function of all the spatial
variables, and is thus a randomly varying function of
the time, and A,/ %™ contains only the spin opera-
tors. In this second equation, the different types of
perturbations which contribute to 3¢ (¢) are distin-
guished by the subscript u, and the subscript ¢ refers
to the different nuclei in the radical. The interactions
are expressed as irreducible (spherical) tensors with
L denoting the rank and s the component. The only
perturbations of interest here have L=0 or 2. The
prime signifies that the interactions are written in
molecule-fixed axes, and in particular it is convenient
to use the axes of the (average) principal values of the
g tensor. The transformation from molecule-fixed to
space-fixed axes is readily carried out with the Wigner
rotation matrices™™ % Dy L (afy), where a, 8, and y
are the Euler angles relating the two systems of axes,
giving

Ap{ = 2D B (By) A 0, (42)

m!

where the A’s without a prime refer to space-fixed
axes. When averaged over the Euler angles, the Wigner
rotation matrices obey the orthogonality conditions®

<3)M1.q1(L1) *(aBy) fDmyw(Lg) (aBy) )aﬂ*/
= (2L1+1)_15L1L25mxm25q1q2~ (4.3)

The correlation function which appears in the spectral
density J(w) of Eq. (2.18) can thus be written

(31 () agB0r™ (14+7) g )

=2 20 2 (Fu/E™ W) F, /W m0* (1) )

L,L! mm! p,v i,§

X D AD g P () Dmr e LO*(4T) Dy
9.9

XA 8D g A, ;2 rp®. (4.4)

% E. Wigner, Group Theory and Its Application to the Quantum
Mechanics of Atomic Specira (Academic Press Inc., New York,
1959).

38 M. E. Rose, Elementary Theory of Angular Momentum (John
Wiley & Sons, Inc., New York, 1957).

#® A, K. Saha and T. P. Das, Nuclear Induction (Saha Institute
of Nuclear Physics, Calcutta, India, 1957).
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We have assumed in writing Eq. (4.4) that the molecu-
lar tumbling is independent of the internal motions
and fluctuating solvent iInteractions, and vice versa;
and the quantity (F'(¢) F'(#+7)*) is an average over
these latter motions only. The tensors with L=0 are
independent of the Euler angles, and we assume that
for L=2 the molecular tumbling is described by a
single correlation time 7z, We can thus writel'® (with
dQ' as the normalized volume element in '8y’ space)

f AV D_r ¢ @*(o'B'Y') Py | o875 7)

=D_w,¢@*(afy) exp(— | 7 |/7r). (4.5)
Applying Eqgs. (4.3) and (4.5) to Eq. (4.4) gives

(Gcl(t) aﬂgcl*(t+T) '’ >= ZL Z Zg‘.j(uv:L) (T)

By 1,3

X2 LA, 2 ag[ Ay 50 Jw®,  (4.6)
q
where
g2 (r) =%t exp(— | v |/7r)
X2 (Fuid @™ (O) F, /@™ *(14r) ) (4.7)

with a similar expression for g;;¢*% () except that the
factor preceding the summation sign is equal to unity.
Finally, we write for J(w) in Eq. (2.18)

Japarp (W) = EL 2 204590 (w)

LT

X Z[Ap,i(L'q>:]aﬂ[:Av,j(L'Q)]a’ﬁ’*s (48)
q

where
s (@) =} [ g (r) exp(—iar)dr.  (49)

The perturbations of interest are listed in Table I in
the form in which they will be used for substitution in
Eqgs. (4.6)—(4.9). The operators A, £-? are given in
space-fixed axes and the functions of spatial variables
F,.{Zm () in the molecule-fixed axes of the (average)
principal values of the g tensor, «/, 3, 2. Much of the
notation is defined in the discussion of Egs. (2.9) and
(2.10). The expectation values in the D;(f) and
[ve(s) ]i™ are over the electronic wavefunction .
The Von(8/, ¢¢) are the surface harmonics of order
two (Condon and Shortley definition®), and r/, 6/,
and ¢; are spherical polar coordinates which define
the position of the unpaired electron with respect to
the ith nucleus in the &/, ¥/, 2’ axis system. In the quad-
rupole terms, Q; is the quadrupole moment of the ith
nucleus, V(1) is the electrostatic potential at the ith
nucleus, and the subscripts x, y, etc., indicate the

9 E. U. Condon and G. H. Shortley, The Theory of Atomic
Spectra (Cambridge University Press, New York, 1935).
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TasrE L. Terms in the perturbation 3¢, (¢).2

Dipolar
Isotropic () Anisotropic (D)

Ay B0 g=0 k-8 =2 LeSe— 1 Tir S- 1284 ]

g==t 0 + (L S +1:i.S1)

g==2 0 —1:. Sy
By i/ Bm (1) ve[ai (8) —@:Jomo (= 1)myevifiDi™ (8)

Dyt (8) = (6x/5)1 g | 1/ Vam (6, 64') | ¥)
g Tensor
Isotropic (Go) Anisotropic (Gs)

) g=0 —B,S, —2(3)%BoS,

g==1 0 +BoS:

g==+2 0 0
F o' @m (1) —BA g (£) —FsJomo — (= 1)mBA7g™ (1)

O =62 ) ~[a®+a®]}
gD (1) =0
g2 =a® —g®]
Quadrupolar (Q)P
Anisotropic

Ay 20 g=0 - P0BLA-L(L+1)]

g==1 o (LigliotLialiy)

g==2 —~I;,?
B @m (1) (=1)m{eQiA=i (4, (2:—1) ][ V& (5) Jw

LVEW 0=~ [ V() [¥)
LYE@O =% | Vo' () £V, (4) |¥)
[VEM L™ =—4@ | Vad' (6) = V' (1) £2iV/ (3) [ )

8 The expressions for the A,‘,,-(L"J) are given in space-fixed axes while those for the Fy /(™) (¢) are in the molecule-fixed axes coinciding with the principle

values of the g tensor.

® Quadrupole moments are defined in the conventional manner. See, for example, Refs. 4, 21, or 39.

derivatives of V(¢) with respect to the #/, ¥/, 2’ co-
ordinates. The F, /“" (¢) are functions of time through
their dependence on the internal motions and the
fluctuating solvent interactions, effects which can
modify the isotropic interactions a;(¢); the r/, 6/, ¢/;
g:(2); the derivatives of V(4); and the electronic wave-
function . The g value of the free electron, g=
— (%y./B.), and the average isotropic g value §,, are
used interchangeably when they occur as multiplica-
tive factors in 3C;(¢).

The correlation functions, which we write in a some-
what more compact notation than in Eq. (4.7), and
with the angular brackets signifying an average over
the internal motions and fluctuating solvent interac-
tions only, are as follows.
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Isotropic dipolar interaction (hyperfine interaction)

I):
g P (r) =y {La:(t) —a:[a;(¢-+7) —a;])
=v2[(ai(t)a;(t+7) )—aa;].

Anisotropic dipolar interaction (D):

(4.10)

g™ () =ty 2ysy 2 exp(— | 7 | /r)
X DD () Dy *(14-7) ). (4.11)

Isotropic g-tensor interaction (Gy):

g0 (r) =B [{ga( go(t47) )—g#].  (4.12)
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Anisotropic g-tensor interaction (Go):
g (r) =dg exp(— | 7 |/rr) B "
X2 (g™ (Dgm (t4+7) )
= exp(— | 7 |/mr) B
X (L (ge(t+n) )=3 (Dl (413)
Quadrupolar interaction (Q):
859 (r) =gy exp(— | 7 |/7z)
X {@QQA 2 I:(21;—1)I;(21;—1) I}
X 2 ([ve(n JmIvE(t+n) Im*).  (4.14)

There are also cross terms between the different
interactions with the same value of L:
Isotropic dipolar-g-tensor interaction (IGy):

£ (1) =78 @:(Dg(1-47) )—ag.). (415)
Anisotropic dipolar-g-tensor interaction (DGy):
€29 (1) = — fyy Bevs exp(— | 7 |/rm)
X%@i{”‘) (Hg™ (t+7)).  (4.16)
Anisotropic dipolar—quadrupolar interaction (DQ):
5P (r) =g exp(— | v |/re)vovil Qi L; 21;—-1) 17}
X 2 AD (O[VE(1+7) J™*).  (4.17)

Anisotropic g-tensor-quadrupolar interaction (G»Q):
g (7) = — g5 exp(— [ 7 |/7a) B
X{eQi 1:(21:—1) T}

X L™ OIVE(+n) ™). (418)

The correlation functions for the cross terms obey the
relation

gi#7 (1) =i * () = g3 (1),

and they contribute a term to the summation over g, »,
1,7, and L in Eq. (4.6) of the form

325w (1) 2 ([ 4w B2 Jas[ Ay 20 Jurp*
g

+[AV-i(L'Q)]aﬂ[Ami(L'Q)]a’ﬁ’*} .

(4.19a)

(4.19b)

The principal axes %', ¥/, 2’ of the g tensor do not,
in general, coincide with the principal axes of the
dipolar interaction for a particular nucleus. In terms
of the principal axes of this interaction for the ith
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nucleus, z;”/, ¥/, 2/, with Hamiltonian
AP =~ [y, | v A ds T S,
Adio L' S sl S, (4.20)

the D™ (Table I) are given by
Dim = —3 3 (= )™d 1D @ (ad”, B, 7"), (4:21)

where
diP=dP=3(dix—d:2),

40 =0,

a0 = (), (4.22)
and a;”’, 8, v’ are the Euler angles of the «/, v/, &'
axes with respect to the %/, ¥/, 2/ axes. As pointed
out by Schreurs,#—# even for two nuclei ¢ and j that
are at equivalent positions (in the sense that the sym-
metry operations of the molecule transform one posi-
tion into the other), D is not necessarily equal to
Dy, This difficulty arises because the ., 3/, z/’
and x;”/, ¥/, 5/’ axes may not have the same orienta-
tion. For planar radicals, 8;//=v,"=0, and

D@ (e, 0, 0) = exp(—ime!’) bpmr,  (4.23)
so that
D = —13. exp(F2ia"),
DD =0,
D®=—14,0 (4.24)

Thus in general D,®2=D.E for nuclei 7 and j at
equivalent positions, although if nucleus ¢ can be
transformed into j by a twofold rotation about the
axis perpendicular to the plane of the molecule and
passing through its center, D&?=D/2  Another
especially simple and frequently occurring case arises
when there is a twofold symmetry axis lying in the
plane of the molecule, since then nuclei which are
transformed into each other by this twofold rotation
have coefficients that obey the relation D& = D=3,
For computational purposes, the wavefunction ¢ in
pi-electron radicals is conveniently written as a linear
combination of atomic pi orbitals ¢, and to a first
approximation the contribution of each orbital can
be calculated separately. The principal axes and prin-
cipal values of the dipolar interaction at the ith nucleus
arising from each of the « orbitals are in general differ-
ent, and each set must be transformed from the xy”,

47, W. H. Schreurs, thesis, Free University of Amsterdam,
Amsterdam, 1962.

423, W. H. Schreurs and D. Kivelson, J. Chem. Phys. 36,
117 (1962).

48 Similar observations have been made by A. Carrington and
H.fCt.igdonguet-Higgins, Mol. Phys. 5, 447 (1962). See, however,
Ref. 45.
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va'’, 24’ axes to the «, ¥, 2’ axes. Writing

y= Ecx¢xx

D& = —13>"57d,® exp(Fa'),  (4.25)

D& =(,
DO=—1>"p7d; O, (4.26)
where p,”= | ¢, |? is the pi-electron spin density associ-

ated with orbital ¢,, and the d " are related to the
principal values di ., =1, 2, 3, by relations analogous
to Egs. (4.22). Formulas for calculating the d.,. have
been given by McConnell and Strathdee Similar
considerations apply to the quadrupolar interaction.

B. Equivalent Nuclei, Basis Functions, and
Frequency Dependence of the R Matrix

The proper formulation of the relaxation matrix
requires that careful distinctions be drawn between the
different types of environments of the nuclei in a
radical. We shall also find that although in general the
R matrix is not diagonal, there are certain natural
representations for the eigenstates of 3¢, which lead to
the simplest form for the matrix. In addition, the fre-
quency dependence of the perturbations is helpful in
determining the importance of the off-diagonal ele-
ments. In this subsection the definitions of “equivalent”
nuclei, the choice of basis functions, and the frequency
dependence, are discussed in detail.

1. Types of “Equivalent” Nuclei

We say two nuclei 2 and j are equivalent if the zero-
order Hamiltonian %3Cy in Eq. (2.9) is symmetric with
respect to the interchange of ¢ and j, which implies
that y;=4v;, I;=1,, and d;=a;. Usually two nuclei are
equivalent in this sense only if they are located at
symmetrically equivalent positions in the radical, but
this definition also includes as equivalent those nuclei
which are not at symmetrically related positions pro-
vided that they have the same magnetic properties
and average isotropic splitting constants. We call
these two cases symmetrical and accidental equivalence,
respectively. For accidental equivalence, two splitting
constants may be considered to be the same if their
difference is small compared to the linewidth. It is
common practice to use the terms ‘“‘equivalent” or
“accidentally equivalent” if @;=d; even though v;>£vy;
or I;#1;, but for simplicity this rather special situation
will be excluded from the general treatment and we
define two nuclei ¢ and j to be nonequivalent if any of
the equalities v;=v;, I;=1;, or d;=d;, does not hold.

It does not follow that two nuclei which are equiva-
lent with respect to #3Cy are also equivalent with respect
to the perturbation #3C;. For example, even if the

4 H, M, McConnell and J. Strathdee, Mol. Phys. 2, 129 (1959).
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average values of the isotropic hyperfine interactions
for two nuclei are the same (d;=@;), the instantaneous
values ¢;(¢) and a;(¢) may not be equal, or the coeffi-
cients in the dipolar interaction, D;&? and D;¥?, in
Eq. (4.24), may be different. We use the term com-
pletely equivalent for two nuclei ¢ and 7 if the perturbing
Hamiltonian #A3¢,(#) is symmetric with respect to the
interchange of 4 and 7. The nuclei can thus be divided
into sets 7, s, «++ of equivalent groups, containing
#y, M5, + + + nuclel, respectively, and within each equiva-
lent group they can be subdivided into sets 7., 75, == -
of completely equivalent subgroups, containing sy,
firy, =+ nuclei, respectively, with #,=

For any nucleus ¢ in the completely equivalent sub-
group r,, and any nucleus 7 in the completely equivalent
subgroup s,,

wllry.

gD (r) =grusy@P(r).  (4.27a)

Thus if the nuclei 7 and § are in the seme completely
equivalent subgroup 7.,

g“(u.v:L) (r)= g].j(u.v;L) (1) = gij BB (1) = gryr, BB (1),
(4.27b)

For any two completely equivalent subgroups 7. and
7, in a symmetrically equivalent group r,

Grurs B (1) = gror, i L) (1) = g, (i L) (7))

but

(4.27¢)

Gruro# 7 D (7) 5 g, i) (1) (4.27d)

if 7, and 7, are different subgroups. It also is important
to note that grus,**2 (1) is not in general independent
of the indices » and » specifying the completely equiva-
lent subgroups of different groups r and s, i.e.,

Grusy 7D (1) £ gy B D),
For a completely equivalent subgroup 7., we can write

2 it (1) [ApiT 9 Jag[ Ay, f L0 Jarp*

$,finry
= g’u’u(”,y;L) (T) [A#'Tu(L, q):laﬁ[A’:Tu(L' 9 :la'ﬁ' *J

where

(4.28)

Apr 0= D A, L0

iinry,

(4.29)

for the contribution of the nuclei in subgroup 7, to the
u, v, L, ¢ term of Eq. (4.6). Except for the quadrupolar
terms, the nuclear-spin operators in the 4,.,%9 can
thus be written as the appropriate component of Jr,,
the operator for the total nuclear spin in the com-
pletely equivalent subgroup 7.,

Jru= E Ii.

iinr,

(4.30)

If there is no accidental equivalence in the group v,
Lrur P D (1) = g "8 (1) in Eq. (4.28), but because
of Eq. (4.27d), the different completely equivalent
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subgroups are collected separately in Egs. (4.29) and
(4.30).

2. Basis Functions

We shall see that the relaxation matrix for a single set
of completely equivalent nuclei is diagonal if the eigen-
states of 3¢, are chosen to be the eigenfunctions | JM')
of J? and J, with eigenvalues [J(J+1)} and M, re-
spectively. This we call the coupled representation.
The total wavefunction is written as a product of the
electron-spin wavefunction |m,), with eigenvalues
me==4(1/2) of S, and the nuclear-spin function
JM),

[y)=|me IMY=|ms) | JM). (4.31)

For » nuclei of spin I, J takes on the values »J, nl—1,
.-+, 1, 0 for # even, or # odd and I an integer; or the
values nl, nI—1, -++, 3/2, 1/2 for » odd and I a half-
odd integer. The number of states with a particular
value of J is given by

W(n, I, J)=D(n, I, M=J)—D(n, I, M=J+1),
(4.32)

where D(n, I, M) is the degeneracy of the nuclear-
spin states with g component of angular momentum
equal to M. The D(n, I, M) can be evaluated from the
coefficients of the multinomial expansion. When neces-
sary, we distinguish different degenerate states with
the same values of J by the notation J®. If products
of the individual nuclear-spin wavefunctions | Ism;)
are used as the basis for a completely equivalent sub-
group instead of the coupled representation, the R
matrix is not in general diagonal.

If there is more than one completely equivalent sub-
group of nuclei, we shall find that the most convenient
basis consists of a product of the wavefunctions of the
coupled representations for each completely equivalent
subgroup,

lv)= | me;(Jndr} )= | m)] I | Tn®Mri), (4.33)

where the expression in the center is a short-hand
notation for the product on the right over all com-
pletely equivalent subgroups ry, 74, **°, Sw, 5w, =++ in
all the different groups 7, s, --- of equivalent nuclei.
The bracketed factor {Jm, Mr,} in the expression for
| v} indicates that each particular choice of the possible
assignments of the set of quantum numbers J»,® and
M+, defines a different state |y ). If there is only one
nucleus in the subgroup r., say nucleus 4, the wave-
function | {JruMr.}) reduces to the single-nucleus
function | Ism;)= |m;). The wavefunction in Eq.
(4.33) will be called the product of coupled representa-
tions or, if each completely equivalent set contains only
one nucleus, merely the product representation. We
shall find that the matrix is diagonal in this representa-
tion if there are no equivalent groups containing more
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than one completely equivalent subgroup. A representa-
tion in which the wavefunctions of different equivalent
groups are coupled together is generally unsuitable.

3. Types of Transition Frequencies

The high-field eigenvalues of the zero-order Hamil-
tonian, Eq. (2.9), in the state | v) of Eq. (4.33), are

N N
Ey=§BBome—HBo v, M, —Tiyems ) Md, (4.34)
r=]1

r=]

where

> m;

iinr

M=) Mn= (4.35)
Y+=%i, G-=4d;, for 1 in the set r; and N is the total
number of different equivalent groups. The degeneracy
of Eyis

HD(%, If: M") = H{ Z’HD(H'“) Iﬁ M’“) }: (436)

where the prime on the summation indicates that only
those terms are included for which the My, satisfy
Eq. (4.35). We specifically exclude accidental degen-
eracy in the ESR spectrum, i.e., it is assumed that only
one set of values of the M, leads to the same eigenvalue
E,, or

N N
S M.a,> M,/ a, (4.37)
=1 r=1

f M.=M, foranyr.

In the usual case that the correlation functions
21 {(7) depend exponentially on the time, the spec-
tral densities ;%9 (w) in Eq. (4.9) are proportional
to the Debye-type dispersion function 7./(1-4-w?r?),
where 7. is the correlation time for the particular type
of motion. Three different groups of frequencies have
to be distinguished for the relaxation perturbations
listed in Table 1. There are first the secular terms.
These commute with the zero-order Hamiltonian A3C,
{in the high-field approximation), thus giving w=0,
and arise from the spin operators S., 7;, and their
products, and 72 The other operators do not commute
with 30, and we distinguish between pseudoseculart
terms, which correspond to nuclear-spin transition
frequencies, and nonsecular terms, which give rise to
electron-spin transitions. Pseudosecular transitions are
developed by perturbations which contain the operators
Iy or I;? but not the operators S;, and they obey
the selection rules Am,=0 and Am;=21 or 2. The
angular frequencies for the nuclear-spin transitions in-
volving the 7th nucleus are w;y and 2w;y, where

(4.38)

and the upper sign applies if m,= -3, while the lower
sign holds if m,= —%. Nonsecular transitions arise from
terms containing the operators Sy, and the different
types of combinations are SyJs, Sifsy, or Syl The

wiy= | v:Bot3v.d: |
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selection rules are Am,==1 and Am;=0, £1, or F1,
and the possible angular frequencies are (approxi-
mately) wy, wotwiy, and wy—w;y, where wo= | v. | Bo is
the Larmor frequency for a free electron. Similar
definitions of secular, pseudosecular, and nonsecular
are used when the total angular momentum operators
Jr, are used instead of the I;, and the nuclear transition
frequencies wruy = w,y are given by Eq. (4.38) with the
index ¢ replaced by r.

We shall find that in the representations chosen
above, the secular terms contribute only diagonal ele-
ments to the R matrix. The secular part of the R matrix
is also diagonal in a product representation | I:m;) over
all the nuclei. The pseudosecular and nonsecular terms,
however, contribute off-diagonal elements when there is
more than one completely equivalent subgroup in a
single equivalent group.

When the high-field approximation is valid, the w
can be neglected in comparison to wy, and thus we take
all the nonsecular transitions to have the same angular
frequency wo. For motions with very short correlation
times 7, (wore) 21, (wipre)2<K1 (the extreme narrowing
case),

7 (w0) =2 (i) =25(0),
and the contributions of pseudosecular and nonsecular

relaxations are comparable to the secular terms. For
intermediate correlation times, wor=21, (wir) %K1,

(4.39)

J{wo) <j(wis)=27(0). (4.40)
For longer correlation times, w721 [but with 7,
still sufficiently short for Eq. (2.8) to hold], (wre)Z>1,

J(wo) <K (wig) <5 (0), (4.41)
and the nonsecular terms make a negligible contribu-
tion. Except in this last case, the nuclear-spin transi-
tion frequencies w;; can be set equal to zero in the
expressions for j(wiy).

These considerations show that a particular inter-
action may have a large effect through its secular and
pseudosecular terms, while the nonsecular parts may
often be neglected. In many applications, different
correlation times 7. describe the motions associated
with different interactions, and since the spectral
densities are proportional to 7. for (wr.)?<1, a per-
turbation associated with a small value of 7. may make
a small contribution. A motion with a small value of
7. does not necessarily imply, however, that the associ-
ated interaction can be neglected, because the perturba-
tion may be large. If the interaction is large and 7. is
small, Eq. (4.39) implies that the nonsecular, pseudo-
secular, and secular contributions are equally im-
portant. Finally, it should be noted that whenever the
intramolecular dipolar interaction makes a significant
contribution to the line-broadening mechanisms, the

H. FREED AND G. K. FRAENKEL

pseudosecular terms (as distinct from the nonsecular
terms) cannot be neglected.*

C. Relaxation Matrix

We first consider the relaxation matrix without the
quadrupole terms. It is evaluated using the eigen-
functions of Eq. (4.33), taking

[a)=13; {JruMr}), (4.42a)
la')y=1 =% {Jn/M}), (4.42b)
18)=13%; {Jn/'Mn"}), (4.42¢)
[8)=| —%; {Jn/"Mn/"}).  (442d)

If {Jn/M»'}={JruM+,}, the states [a) and |o)
correspond to the ESR line |a ) |a’). Equations
(4.42) contain the only possible assignment of m,
values for | 8) and | 8') for this transition that satisfies
Eq. (2.19). Using these functions in Eq. (4.34), we
find that Eq. (2.19) becomes

BoZ’yr(M,-—M,’——M,.”—i—M,’”)
+ (v0/2) 2 (M AM, =M, —M,")=0. (4.43)

We exclude (as a unique type of accidental degeneracy)
special values of By which would cause this equation
to be satisfied when the two summations are not
separately zero. Equation (4.43) shows that the M’s
must satisfy the relations

M,=> M= M =M/, (4.44a)

M= Mn'=2M:'=M/", (4.44b)

and it can also be shown from Egs. (2.15) and the
general theory® that the only elements of interest in
the relaxation matrix are those for which M,’=M,, so
that

M,=M/=M/"=M,". (4.44c)

In addition, the relaxation matrix only contains terms
for which Jr,@"=Jrn,® and J»,@"' = Jr,®’.

Terms with Mrn/=Mr, and JrnP'#£Jrn®, corre-
sponding to different nuclear-spin functions in the
states |@) and |a’), are required in the relaxation
matrix even though the correlation function G(¢) in
Eq. (2.11) depends on matrix elements (& | S:|a’)
which vanish if the nuclear-spin functions in |e) and
| «') are different. This complication arises because
such terms enter into the calculation of S.(¢) from
Egs. (2.15) and (2.16). On the other hand, if the R

4 Carrington and Longuet-Higgins® neglect the pseudosecular
and nonsecular parts of the dipolar interaction. The contribution
of the pseudosecular term, however, is comparable to that of the
terms they retain.

4 See Ref. 21, p. 443, Eq. (39).
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matrix is diagonal using the representation with the
wavefunctions in Eqs. (4.42), i.e., if

Raa’ﬁﬁ' = Raa’aa’éaﬁaa’ﬂ’)

so that M+ =Myr, and M»,”" =M, , only terms with
M) =Mr, and Jr®' = Jr,® affect the spectrum. This
last result follows immediately on solving Eq. (2.15)
for a diagonal R matrix and making use of the relation

S (0) = S
{a] S (1) | &' )= exp(Rowaart) (| Sz | ).
Thus if R is diagonal, the matrix element
(@] S3(@) | o)

vanishes whenever | @) and | &’ ) do not have the same
nuclear-spin functions, and it is entirely independent
of such states. These conclusions can also be obtained
readily from the formulation in Sec. III. That part of
of the R matrix for which

(] $:(0) | )= (81 S:(0) | 8)=%

we call the principal pari of the R matrix. In the
Dy-dimensional subspace corresponding to the prin-
cipal part of R, the nuclear-spin functions in |a)
and | '), and also in | @) and | 8’), are the same (al-
though those in | @) need not be the same as those in

I ﬁ))’ i'e"

(4.45)

(T M)} = { Trnf® Mr,}
and
{J”u(j)l”Mfu,”} — {Jru(k)"Mru”}.

Thus only the principal part is needed if the total R
matrix is diagonal, and we shall also see that the prin-
cipal part of R is always a diagonal submatrix [see dis-
cussion following Egs. (4.50) below and Sec. IIT].

Straightforward albeit somewhat tedious calculation
shows that the secular part of the relaxation matrix is
diagonal and can be written

- Raa'aa’secz Z [j’u‘v(l) (0) +‘g‘j’usv(D) (0) :l

Tu,Sy

X i(Mr.,—{—Mru’) (Ms,+Ms,")
+ 2[99 (0) +§ §u®92 (0) J(Bo) (Mru+Mr,")

+L70(0)+§% (0) 1B (4.46)

The pseudosecular and nonsecular terms have off-
diagonal elements. For the diagonal elements of the
pseudosecular part we have

- Raa,aalpseudosec = Z% {j’u'“(D) (O),-+) [:J’u(]'u+ 1) - M’u2]

+jruru(D) (w,_) [Jru’(.]m""l) —Mrulzj}. (447)

The diagonal part of the nonsecular contribution (neg-
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lecting w,y compared to wyp) is
/IORSEC = %j’u’u(l) (wo) []’u( J’u+1)

Tu

T (Tr 1) = (Mr2+ M) — (Mry— M) ]
+ D jrura® (o) { T[T ru(Tru b 1) - T (Tl 1) ]

- Rua’aa

— (Mn24+Mn'?) +5(Mr,— M)}
+ E jrus,,(D) (w()) [MvuMs,,-i—Mru’Mva]

Ty F Sy
+ 22779 (wn) (2Bo) [Mrut-Mr/ 1452 (wn) (2B¢).

(4.48)

Under some circumstances, jrys,** % (@) is independent
of the indices % and v specifying the completely equiva-
lent subgroups [see Eqs. (4.27) and the related dis-
cussion ], so that

s (@) =j P (0).  (4.49)

Using Eq. (4.44c), we can then replace the terms in
(Mry+M»') in Egs. (446) and (4.48) by 2M,,
while the terms in (Mr,—M+,') in Eq. (4.48) vanish.

There are two types of off-diagonal terms, those for
which |&')=[8) but |a)# |B), Raargar, and those
for which |a)= |B) but | o’ )5% | B'), Raarasr. For the
pseudosecular contributions to the R,uga terms, the
possible values of | 8) are

I Jru, Mru:]:1> l Jr,,, Mr,,q:1>
(Tl [ Touby

TuFry

18)=|a)

(4.50a)
while for the Raaapr terms, the possible values of
[8) are

lﬁr>___ l o >[ Jrdy Mr/£1) [ Jod, M 1)

| Jrd/ M2, l Tr'Mr)) ’

TuFty.

(4.50b)

In these two equations, a short-hand notation is used
in which the denominators on the right-hand sides
cancel identical factors that are contained in | ) and
| '), respectively. The contributions from nonsecular
perturbations are also given by Eqs. (4.50) if only the
upper signs are used. These off-diagonal elements
occur between all pairs of different completely equiva-
lent subgroups within the same equivalent group
(within 7,, 7, +++, and within s,, $,s, *-+, etc.) but
not between different equivalent groups (e.g., none
between 7, and s,,, r#s). Equations (4.50) show that
there are no off-diagonal elements in the principal part
of the R matrix, i.e., in the D,-dimensional subspace
for which

{ Trd Y Mr)'} = { T My, }
and
) {]TM(J)INM’“///} — { J'u(k)”Mfu”}
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[see discussion following Eq. (4.45) above, and Sec.
1]
Writing

fLM)=[(J+M)(J-M+1) T,  (451)

the off-diagonal pseudosecular contributions can be
expressed as

pseudosec

'—Raa’ﬂa’
=%j'u’vw) (wr+)f(]'u, :FMfu)f(Jrv, :|:Mr,,),

ruZr,, (4.52a)
and
_Raa,aﬂ,pseudosec
=1 frare® (@) f (I, FMAS) f (T, £ My,
ru#r,.  (4.52b)

In applying these equations, contributions must be
calculated separately for both choices of sign since
these correspond to different values of [8) or |8') as
in Eqs. (4.50). The nonsecular terms are

— Raa,ﬁa,nonsec:_ %[j’u’v(l) (wﬂ)
2o P (o) 1f (Jruy —Mra) [ (Jrey M),

ru®ry, (4.53a)

and
— Roarag ™50 = 1[ rury® (o)

2 rars® () 1f (Iny = M) £ (I M),
(4.53b)

The quadrupole terms in the relaxation matrix can
be treated without difficulty in the product repre-
sentation

TuF=Ty.

| y)=|ma; mi)= lml>H [ Loms), (4.54)
1
where the product is over all nuclei, but since the inter-
action contains the products of two operators acting
on the same nucleus, it cannot be evaluated in the
coupled representation | JM ) without using a procedure
equivalent to one involving the Racah coefficients® 474
or the Wigner 6—j coefficients.#*#* These procedures
are complicated even for two nuclei, and we therefore
write the quadrupole terms in the product representa-
tion only. A single representation must necessarily be
employed for the entire R matrix, and thus the follow-
ing formulas for the quadrupole contributions can only
be used in conjunction with an R matrix for the other
contributions that is also written in the product
representation, Eq. (4.54), over all the nuclei. Equa-

47U, Fano and G. Racah, Irreducible Tensorial Sets (Academic
Press Inc., New York, 1959).

%8 A, R. Edmonds, Angular Momentum in Quantum Mechanics,
Princeton University Press, Princeton, New Jersey, 1957).

4 E. Wigner, as quoted in Ref. 48, pp. 91 ff.

FREED AND G. K. FRAENKEL

tions (4.46) to (4.53) are still applicable if the 7y, 75, * + -
are replaced by 7, 7;, *++, Jru by I,, and Mr, by m,,
etc., but now the pseudosecular and nonsecular parts
of the R matrix for a completely equivalent subgroup
containing more than one nucleus will never be auto-
matically diagonal.

For the diagonal elements, we have

- Raa raq*% (xQ) = E { 6ji.‘i(Q) (0) Emi2 - mi’z.__][sz_ mjlz:l
i

+47P0) [mit-mi I Lm2—m;"*]}
+ 2.8/ @O m2—m{*]B,, (4.55)

—_ Raa ,aa,pseudosec(xQ)
= 225D (@) {T(L:A1) [14-4m2]

—5m.~2-—4m14}
+2769 Qo ) { L+ D[ I :+1)—2—2m]
+5m..2+m.-4} +2jii(DQ)(wi+)miE2[i(Ii+1) —2md— 1])

+ terms in {w;, m'}. (4.56a)

The terms in {w;, m;'} are identical to those written
out in detail if w;y is replaced by wi;— and m; by m/,
except that the term in 7;;°? enters with a minus sign.
If wiyre and w, 7. are small compared to unity, so that
wiy can be replaced by zero in the spectral densities,

— RagraarPooudosec (2()) = Z(4jii(0) 0) {L:(1:+1)

XUi(TA-1) —14-me+m*]— 5[ mi+mi* ]}
+27:P9 (0) [21:(1:+1) —1

——2(m,-2+m;;n,"—|—m,"2)](m.-——m;’)). (456b)
The secular contribution vanishes if the nuclear-spin
states in | &) and | &’ ) are the same (m;=m,"), as does
the dipolar~quadrupolar cross term in the pseudo-
secular part. Equation (4.56b) for m;=m," differs by
numerical factors in some of the terms from the expres-
sion given by Kivelson.* There are no nonsecular
quadrupole terms. The off-diagonal elements, which
are only pseudosecular, involve transitions analogous
to those considered above, and only occur for nuclei
within equivalent groups. The possible states | 8) and
| 8°) in the off-diagonal elements Rynrger and Rugras,
respectively, are determined by relations analogous to
Eqgs. (4.50). We designate the wavefunctions of the ith
nucleus of the rth group by | I, mr;) and replace the
symbols Jru, Mru, Jro, Mr, of Eqs. (4.50)1f. by I,, mr;,
I,, ms;, respectively. In addition to transitions mri—
mrik1, mr—mrF1, and similar transitions for mr./,
etc., double quantum jumps mr—mri£2, mr—mr;F 2,
etc., are also allowed. The matrix elements for single
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quantum jumps are (i7#4)
— R garP*040%00(50; A= t1)
= {Jrirs D (wry) [4mrameF 2 (mri—mr;) —1]
+7rirf PO (wpp) [2mr 1} [ (I, Fmrd) f (I, £, (4.57a)
while those for double quantum jumps are (75£7)
— RearparPoeudosee (50 A= £2)
=Jriri® (o) f L1, (Fmri—1) ]
XfLLey — (Fmri— 1) 1 U, (£mr—1) If [,
— (F£mr;—1)7]. (4.57b)

The Raarags terms are given by similar expressions with
wry and mer; replaced by .. and m+/, respectively, but
with a minus sign for the D—Q cross term in Eq.
(4.57a}.

To recapitulate, we note that in the absence of
quadrupole interactions there is a natural way of
choosing the nuclear-spin wavefunctions for the deter-
mination of the relaxation matrix: completely equiva-
lent subgroups are described in a coupled representa-
tion, and products of these coupled representations are
used as the wavefunctions for the entire set of nuclei.
This product of coupled representations is employed
consistently except when quadrupole terms make
significant contributions. For a single completely
equivalent subgroup of nuclei, the coupled representa-
tion leads to a diagonal R matrix, and if every equiva-
lent group contains only one completely equivalent
subgroup, a product of the coupled representations for
the different equivalent groups also leads to a diagonal
matrix. For more than one completely equivalent sub-
group in an equivalent group, the pseudosecular and
nonsecu'ar terms make nondiagonal contributions,
but secular terms always yield diagonal matrix elements
if the product of coupled representations is used.
Secular terms also give only diagonal matrix elements
in a product representation over all the nuclei. Although
the nonsecular terms for some of the interactions can
often be neglected in comparison to the secular terms,
the pseudosecular and secular parts of the anisotropic
dipolar interaction are usually comparable in magni-
tude, and since the pseudosecular terms introduce
off-diagonal matrix elements, the determination of the
linewidths can become quite complicated (see Sec. VII).

When quadrupole terms make a significant contribu-
tion, and there is more than one nucleus in a com-
pletely equivalent subgroup, a product representation
over all the nuclei may be employed, but the R matrix
is necessarily nondiagonal.

V. ILLUSTRATIVE APPLICATION TO ISOTROPIC
MODULATION. ALTERNATING LINEWIDTHS
IN DINITRO COMPOUNDS

In this section we illustrate the general theory with
an application chosen to show that treatments requiring
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a multiple line to be of an over-all Lorentzian shape
are inadequate. For simplicity, only the secular part
of the modulation of the isotropic hyperfine interaction
for two nuclei is considered. Some general conclu-
sions are first drawn without using a specific model for
the form of the modulation, and it is shown that if the
correlation functions satisfy certain special conditions,
the linewidths alternate in magnitude from one hyper-
fine component to another. The theory thus has appli-
cations to the experimentally observed alternating
linewidths in certain dinitrobenzene anions,!41.18.2¢ A
special model, corresponding to a two-jump inter-
change of hyperfine splittings between the two nuclei,
is then analyzed in detail because it can also be simply
treated with the modified Bloch equations®2 (or,
with essentially identical results, by the theory of
Anderson®). The two-jump interchange model is
particularly interesting and instructive because it
allows this simple comparison of two rather different
theories.

We assume that the two nuclei are symmetrically
equivalent [@Gi=da=a, gn'?(r) =g (+) ] but not com-
pletely equivalent, so that in general g™ (v) #Z g @ (7).
For two nuclei of spin I the spectrum consists of 4741
equally spaced lines of degeneracies D(2, I, M),
| M | <2I. Since the treatment is restricted to only the
secular part of the isotropic dipolar interaction, the R
matrix is diagonal; and the reciprocal of the transverse
relaxation times [ 75,0 ]! for the kth component of
the line with M =m;+m, is equal to the appropriate
part of — Ruaraar®® in Eq. (4.46). Thus

L7490 (sec) 1= 2 jumam;

= juM24-2(fra—ju) mama, (5.1)

where ji;, which is written for 7,0 (0), is given by Eq.
(4.9) with g;;¥(r) from Eq. (4.10) taking ;=a;=4.
The values of 757 are listed in Table IT for nuc'ei with
spin =%, I=1, and I=4%. For an arbitrary relation-
ship between 72 and jy, the lines for /=1 with M =0,
and 7=% with M =0 and M =41, consist of several
components with different widths. If ji,=7u, which we
call the “in-phase-correlated” case, the two nuclei are
completely equivalent, and each line consists of a
single Lorentzian with a width which depends quad-
ratically on M: [T2%0(sec) I'=7uM?2 On the other
hand, if jip=—ju (“out-of-phase-correlated”}, or
F12=0 (“uncorrelated”), the lines are not all of Lor-
entzian shape and the width varies in a complex manner
from component to component.

In the out-of-phase-correlated case, if jy is very large,
some of the lines are broad and others are sharp. Thus,
for I=1, the component of the M =0 line with stat-
istical weight 2 is broad while the component with
statistical weight one is narrow. As a result, in the limit
of ji1 so large that the broad lines would not be ob-
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TasrLe IL. Secular linewidths, isotropic modulation of two nuclei.

[Ty, (sec) I

In-phase Qut-of-phase
I M (m, ma)® Dx General correlated correlated Uncorrelated
Ju=ju Ju=—ju J1z=0
3 +1 +3, +% 1 3 (Gntie) Ju 0 3
0 [+, F1] 2 ${ju—ju) 0 Ju i
i +2 +1, 1 1 2(Jutsw) 4jn 0 2ju
+1 =1, 0] 2 i fu Jju Fu
0 +1, F1 2 2{ju—jw) 0 4in 2
0, 0 1 0 0 0 0
3 +3 +4%, 3% 1 ${Jutiw) Yu 0 3in
+2 %, £3] 2 3 (5in+32) 4in Ju $/u
+1 [£%, 1] 2 3 (5/u—3j12) Ju 4jy $in
+%i, 43 1 $(jutju) fu 0 i
0 [=32, F4] 2 F{in—jmn) 0 9fn i
(%, Fi] 2 $(jn—jn) 0 Jn 3jn

& Square brackets indicate that the state specified by (m1, m2) and also the state obtained by permutation of 1 and 2, (ms, m1), are both included.

served,®® the spectrum for two nuclei with 7=1 would
appear to contain only three lines of equal amplitude
corresponding to M= —2, 0, 2 with spacing 24 instead
of five lines with intensity ratios 1:2:3:2:1 and spacing
d. In such a situation, one might erroneously conclude
from the spectrum that only one of the two nuclei was
exhibiting hyperfine structure, and that the radical
was asymmetric. This type of phenomenon has been
found experimentally,’ and other observed anomalies
in hyperfine-splitting-constant patterns!®*#% may pos-
sibly arise from this mechanism. For ji; large, but not
so large as to cause the M = =-1 lines to be unobservable,
the spectrum would consist of five equally spaced lines.
The M= -2 lines would appear sharp, the M=41
lines broad, and the M =0 line would consist of a sharp
line of statistical weight one superimposed on a broad
(and perhaps unobservable) background of statistical
weight two. This corresponds to the alternating line-
width phenomena observed in dinitrobenzene anion
radicals. 7% One would expect, from the results for
I=1%, that N'%-substituted dinitrobenzenes would show
a reverse type of alternating linewidth: the central
line would be broad and the outside lines sharp. An
analogous type of behavior occurs for I=4§.

These results are very different from those predicted
by the Kivelson-Kubo-Tomita theory. Thus, for the
out-of-phase-correlated case of two nuclei with 7=1,
the average widths (see Sec. IIT), which are the values

of the widths predicted by this theory, are $/u, 7u, and
0, respectively, for the M =0, 41, and =42 lines. In
other words, the Kivelson-Kubo—Tomita theory does
not predict either an alternating linewidth nor, in the
case of extreme broadening, the apparent disappearance
from the spectrum of the splitting from one of the
nuclei.

A number of different models* lead to the relation
J12=—jn, but here we treat only the two-jump inter-
change case because it can be compared with the
Bloch~Anderson procedure. We postulate that the
radical can exist in two different states, 4 and B, and
that there is an exchange reaction between the two
states. The lifetimes of 4 and B are assumed to be the
same, 74=7p=7e, and the time of a jump from one
state to the other is assumed to be small compared to
7o. We postulate further that each nucleus can have
only two different splitting constants, either ar or am:
in state 4 nucleus 1 has splitting constant ey while
nucleus 2 has splitting constant a1, and in state B
the splitting constants are interchanged. Thus

m(d)=a(B)=ar,
a-z(A) = a;(B) =4ar1x. (5.2)

Since the probability of occurrence W{u) (with p=4
or B) is the same for the two states, the average
splitting constant is given by

: . ai= 2 W (1) a:(u) (5.3a)
% Note that the amplitude of the first derivative of the absorp- 8
tion is inversely proportional to the square of the width, ~
8 R. L. Ward and M. P. Klein, J. Chem. Phys. 28, 518 (1958); =3[a:(4) +a:(B) ]=3(ar+an) =4, (5.3b)

R. L. Ward, tbid. 30, 852 (1959); 32, 410 (1960}; J. Am. Chem.
Soc. 83, 1296 (1961).

and it is the same for the two nuclei. The conditional
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probabilities for finding the system in the states 4 and
B, respectively, at time 7>0 when the system was in
state 4 at time r=0 are readily shown to be

P(4]4,r)=3[1+ exp(—27/79) ],
P(A | B, r)=31— exp{—2r/70) |. (5.4)

There are similar expressions with 4 and B inter-
changed when the system is in state B at r=0. Straight-
forward calculation using Eqs. (2.6), (4.9), and
(4.10) gives

P (0) = —ju®P(0) =frev(a1—am)? (5.5)
and, from Eq. (5.1},
[T9490 (sec) T'=3rgv H{ar—au)2(m—m2)%  (5.6)

To treat this problem in the frame work of the modi-
fied Bloch equations®=# or the theory of Anderson,®
we first consider the spectrum in the limit of very long
lifetimes for states 4 and B. The angular frequencies
in the state p, measured from the center of the spectrum
wo= | v.| By, are given by

) =7, s u) s (5.7)
where each value of the index % corresponds to a
particular choice of the m;. The spectrum for states 4
and B is the same, as shown in the upper part of Fig.
1, but in general the lines wy(A4) and wy(B) arising from
a particular assignment of m; and ms occur at different
positions, A line with the same position in the two
states results from an interchange of the quantum
numbers m; and m,. We assume that the Bloch equa-
tions® are applicable to any line, say the line at posi-
tion wi(A4) in state 4 (see Sec. VIII). Bloch equations
with the same relaxation times Ty and Ty will then
also apply to the line wx(B) which has the same assign-
ment of quantum numbers m; in state B as the m;
for the line w(4) in state A. When exchange is taking
place between the two states, the modified Bloch
equation #% can be employed provided only secular
effects are important (see Sec. VIII), and in the limit
of rapid exchange, the lines w;(4) and w:(B) coalesce
to a single line at the mean frequency

@e=3[on(A4) 4w (B)] (5.8a)
= %YeZ[ai(A) “+ai(B) Jm;
=y dM, (5.8b)

where the mean splitting constant @ is given by Eq.
(5.3b). The averaged spectrum is shown in the lower
part of Fig. 1 and is, of course, the same as that given
by the zero-order Hamiltonian #3C;. The transverse
relaxation times (for fast exchange) are given by?

[T (sec) Tl=4ro[wn(A) —wx(B) P (5.9a)

=2lrgy 2H{ar—amn)(m—ms)? (5.9b)

SPECTRA 341
b o —jage—
i | 1
-2 -1 0 -1 ot o1 2
STATE A m: -1 = -1 o 00 o
myt-t O 1 -t o1 -1 0 1
l L —d f L [P B
[ e 3 t
i s b e ey '
I ittt TR SR e A
STATE® m: =1 O | -1 01 -t 0 i
myt =l =l =l 000 [T
LTS }-
AVERAGE Mt =2 -t 0 t 2

STATE

Fi16. 1. Spectra for two-jump modulation of isotropic hyperfine
interaction. The upper spectrum is for the limit of long hifetimes
for the two states {4 and B), and the lower spectrum applies
when there is rapid exchange. In state 4, nucleus 1 {guantum
number m;) has hyperfine splitting ¢; and nucleus 2 (quantum
number m,) has splitting ez1, with a;>a11. In state B, the hyper-
fine splittings are interchanged. Arrows show how lines combine
on exchange, with interacting lines in states 4 and B that termi-
nate at the same average position being indicated by the same
type lo)f arrow (solid horizontal, sclid vertical, or dashed hori-
zontal).

which is identical to the expression obtained above by
the relaxation-matrix procedure, Eq. (5.6), and leads
to the results in the next to last column of Table II.

The arrows shown in the figure indicate in detail
how the lines in the individual states 4 and B combine
to give the average spectrum. Using the notation
(my, ms) to identify the lines, we see that only the
(1, #1) and (0, 0) lines are not shifted by the
exchange (as shown by the vertical arrows) and,
according to Eq. (5.9a), are therefore unbroadened by
the exchange mechanism, The (~1, 0) line changes
from the position —v.o1 in state 4 to —vy.ax in state
B (shown by the solid arrows) and leads to the average
line at —v.4 with a width proportional to [—er—
{(—an) P={ar—amn)? The (0, —1) lines coalesce in
the same manner (indicated by the dotted arrows),
and similar results are obtained from the (1, 0) and
(0, 1) lines on the right-hand side of the spectrum.
The (—1, 1) lines in states 4 and B, at positions
—ve{ar—an) and vy.(a1—am), respectively, give one
of the three transitions making up the central line of
the average spectrum, and have a width proportional
to [— (@r—an) — (a1—emn) F=4(a1—am)? The (1, —1)
lines make an identical contribution, and the third
component of the central line is the unbroadened
(0, 0) part.

These simple arguments using the modified Bloch
equations thus lead to results which are identical to
those obtained from the relaxation-matrix theory, and
differ from the conclusions of the Kivelson-Kubo-~
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Tomita theory. The Anderson theory also gives identical
predictions.® A comparison of the usefulness and
limitations of the Bloch, Anderson, and relaxation-
matrix theories is given in Sec. VIIL

A detailed account of the alternating linewidths in
dinitrobenzene anions is presented elsewhere.”

Fic. 2. Schematic structural
formulas for four-jump modu-
lation model.

VI. FOUR-JUMP ISOTROPIC MODULATION.
Cis-Trans ISOMERISM

As a second illustration, we consider the linewidth
effects arising from modulation of the secular part of
the isotropic hyperfine interaction for a system in
which a nucleus, or group of completely equivalent
nuclei, can exist in four different states. This model has
application to the alternating linewidths observed in
the dihydroxydurene cation .12

The four states are designated by 4, B, C, and D.
States A and C are assumed to be thermodynamically
equivalent, as are states B and D. The interconversion
of 4 and B is assumed to be governed by the equation

k1

A2B,

130

(6.1a)

and because of the assumed equivalence there are three
similar expressions with the same rate constants, one
with A4 replaced by C, one with B replaced by D, and
one with 4 replaced by C and B by D. The other inter-
conversion reactions are

kg
A=C
ks

(6.1b)
and

ks
Be2D.
ky

(6.1¢)

The probabilities of occurrence of the states are

WA= WC-_—%[k]_'/(kl-l—kll)] (62&)

and

We=Wp=1[k/(lat+k')].

The conditional probabilities for finding the system in
the states 4, B, C, or D respectively, at time >0 if it
was in state 4 at time r=0 are readily found in terms

(6.2b)

J. H. FREED AND G. K.

FRAENKEL

of the three relaxation times
re=[2(k'+ks) 17,
rp=[2(ktks) 17,
rer=[2(ki+k") 17, (6.3)
to be
P(A A, 7)=W4+Wzexp(—1/7cr) +3 exp(—7/7r),
P(A | B, r)=W3s[1— exp(—r/7cr) ],
P(A|C, ry=Wi+Wgexp(—r1/rcr) —3 exp(—1/71),
P(A|D,7)=P(A4|B,7). (6.4)
The conditional probabilities when the system is
initially in state C can be obtained from Eqs. (6.4) by
replacing 4 by C and vice versa. When the system is
initially in state B,
P(B|A,7)=P(A|B,r)(Wa/Wg),
P(B| B, 7)=Ws+W, exp(—7/7er) +3 exp(—1/7¢),
P(B|C,7)=P(B| 4,r),
P(B| D, r)=Wg+W exp(—7/1cr) —% exp(—7/7¢),
(6.5)

and similarly, when the system is initially in state D,
the probabilities are obtained by replacing B by D in
Egs. (6.5) and vice versa. From Eqgs. (2.6) and (4.10),
the correlation functions can be shown to be

ve 20 (1) =WaWp exp(—71/rcr)[a:(4) +0:(C)
—ai(B) —a;(D)J[a;(4)+a;(C) —a;(B) —a;(D)]
+3Wa4 exp(—7/rr)[ai(4) —a:i(C) JLa;(4) —a;(C) ]
+35Ws exp(—7/rc)[a:(B) —ai(D) JLe;(B) —a;(D) 1.
(6.6)

We assume that there are four possible splitting
constants for each of the four completely equivalent
groups of nuclei and assign them according to the
scheme in Fig. 2 and Table III. The figure represents
the cis and #rams forms of the terephthalaldehyde
anion,’ the diacetylbenzene anion,® or the dihydroxy-

TasLE II1. Assignment of splittings a;(u) for four-state
cis—irans isomerism,

"
x 4 B C D

1 ar”? arr® arr’ ar°
2 arr? arr® ar? as°
3 asT ar° ar? arr®
4 arr® ar¢ a,T ar®

82 A, H. Maki, J. Chem. Phys. 35, 761 (1961).
( 5 P5 H. Rieger and G. K. Fraenkel, J. Chem. Phys. 37, 2811
1962).
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durene cation, but other systems in which each nucleus
or group of equivalent nuclei can exist in four different
magnetic environments would also be schematically
represented by this diagram. The table entries contain
the values of a;(u), with two possible splittings, I or I1,
for each conformation, ¢is (C) or #rams (T). From
Eq. (6.6) and Table ITI, and letting

ge(r) =5vWr(ar® —an®)? exp(—r/r¢)
gr(7) =3y Wa(arT —an?)? exp(—7/7r)
ger (1) =vWaWg(a:i®+an’—a” —an”)?

X exp(—1/rer), (6.7)

one can show that g0 (1) =g (7), g, (7) = g;: 2 (7),
and

g (7) = go(r) +gr(r) +ger(r),

2P (1) = g P {7) = go(7) —gr () +ger(7),

8130 (7) = gV (7) = —go(7) +gr(7) +gor(r),

£uP (1) = gV (7) = —go(7) —gr (1) +ger (7). (6.8)

The transverse relaxation times are given, as in Eq.
(5.1), by

[ 72400 (sec) J1= D jisM M,
=7o[2D M 2+4(MMs+MM,) — M?]
i 2D M 24 ( MM+ M,M,) — M?]
+jorM?,  (6.9)

where M= ZM i, the summations are over all values
of i=1,2, 3, 4, and the /’s (=7 (0) ] are obtained from
the g’s in Eqgs. (6.7) and (6.8) by using Eq. (4.9). If
7i;=4u for all ¢ and 7, the nuclei are completely equiva-
lent, je=7r=0, jn=jcr, and the linewidth is propor-
tional to M2

The values of the linewidth from Eq. (6.9) are
tabulated in Table IV for the case that (1) each com-
pletely equivalent group of nuclei consists of a single
proton, and (2) each consists of a methyl group. The
last two columns apply when only the frans form is
present with appreciable probability [Wai=Wc=23,
Wp=Wp=20], and also apply when only the cis form
is present if jo is substituted for jr. When only the
trans (or cis) form is present, the problem is more
simply treated by a two-jump model (Sec. V). In the
limit of large 7’s when only one form, either ¢is or trans,
is present, the spectrum for the four-proton case
degenerates into three lines corresponding to M= —2,
0, 2 with statistical weights 1:4:1 instead of five lines
with statistical weights 1:4:6:4:1, while for inter-
mediate values of 4, an alternating linewidth variation
occurs. The spectrum for the four-methyl group case
normally consists of 13 lines with relative intensities
1:12:66:220:495:792:924:792:-++, but when only
one form, either cis or trans, is present, and when the
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TABLE IV. Secular linewidths, four-jump isotropic modulation.

General Trans only
[ Ta 20
M Dy [T (sec)T! Dy (secy]™?
Four
protons +2 1 4jer 1 0
+1 4  jetjrtjer 4 Jr
0 2 4j¢ 2 4ir
2 4jp 4 0
2 0
Four
methyl
groups +6 1 36jcr 1 0
+5 12 jet+ir+25jcr 12 Jr
+4 12 4jct+4jr+16jer 30 4jr
18 4j C + 16j cT 36 0
18 4jp+16jcr
18 16jcr
+3 4 9(jetjrticr) 40 9jr
36  Yet+irt+Ycr 180 Jjr

36 jet+99r+%jcr

144 jetjrt+9jer
+2 12 16jc+4jr+4jcr 30 1647
12 4jc+165r+4jcr 240 45y
18 16jc+4jer 225 0
18 16jr+4jcr
120 4(jet+jrtjer)
108  4(jc+jer)
108 4(jr+jer)
99  4jeor
+1 12 25jc+jotder 12 2557
12 25jr+jrt+jer 180 9jp
36  9jct+9ir+jor 600 Jr
144 9jetjrtjer
144 jet9jr+jer
44 jetjrtier
0 2 36jc 2 36jr
2 36jr 7 16jr
36  16jc+4jr 450 4jp
36 16jr-+jc 00 0
36 16jc
36 167
216 4(jc+ir)
198 4jo
198 4jr
164 0

j’s are large, only the seven lines with M =46, -4,
+2, 0 and statistical weights 1:36:225:400:225:---
remain. Again, for intermediate values of , the line-
widths alternate. Similar linewidth phenomena result
in the general case if j¢ and/or jr are large while jer is
small. In the terephthalaldehyde anion and also in
the 1,4-diacetylbenzene anion,® the mean splitting
constant in the ¢is form, % (a:°+aen®), is approximately
equal to the mean splitting constant in the frans form,
£(ai"+anT), so that for many applications of the
present theory jer is probably small.
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The four-proton case is a model for the terephthalal-
dehyde or 1,4-diacetylbenzene anions, but experi-
mentally both of these radicals exhibit sharp-line
spectra arising from a superposition of different spectra
from the cis and frens forms.523 They thus correspond
to the static limit in which the correlation times 7 are
long, and the zero-order Hamiltonian is best repre-
sented by two separate Hamiltonians, one for each of
the two rotational isomers.

Similarly, the four-methyl group case may provide a
model for the dihydroxydurene cation. This radical
does show an alternating linewidth,12#® and since the
alternation appears on the methyl-proton lines rather
than the hydroxyl-proton lines, the phenomenon must
be somewhat different from that in the dinitrodurene
anion (Sec. V). Bolton and Carrington! have suggested
that a superposition of spectra from the cis and #rans
forms of the dihydroxydurene cation, with perhaps some
dynamical averaging, could account for the observed
linewidth alternation, and indeed the results in Table
IV do show an alternating linewidth if the spectral
densities jo and/or jr are large while jor is small.
Recently Carrington® has obtained results similar to
the four-proton example treated above by solving the
modified Bloch equations for four sites (see Secs. V
and VIII). To make a detailed test of these four-jump
models, the magnitude of the spectral densities must
be estimated. The spectral densities are proportional
to the product of a correlation time and the square of a
splitting-constant difference, but unfortunately there
is no good basis for estimating either quantity. A
correlation time of the order of a microsecond and a
splitting-constant difference of the order of 0.1 G
would be sufficient, for example, to account for the
magnitude of the observed alternating linewidth
effects. Splitting-constant differences of about 1 G
are observed within each of the cis and frans isomers in
some of the carbonyl anions, and the asymmetry of
the pi-electron spin-density distribution required to
produce this difference has been attributed to the nega-
tive charge on the oxygen atoms of the carbonyl
groups. It is not clear how large an asymmetry in the
spin densities to expect from the hydrogen atom of a
hydroxyl group, although it is undoubtedly considerably
smaller than for a carbonyl. The theory of the line-
width variations which might arise from the hydroxyl
protons, and among the three protons of a methyl
group, will be presented elsewhere.?

VII. NONDIAGONAL RELAXATION MATRICES

In this section we consider some of the problems
encountered when the relaxation matrix contains off-
diagonal elements. In Sec. IV it was shown that the off-
diagonal elements arise from the pseudosecular and
nonsecular terms between different completely equiva-
lent subgroups within a single group of equivalent

8 A, Carrington, Mol. Phys. 5, 425 (1962).
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nuclei. Although in many instances the nonsecular
terms may be neglected, the pseudosecular terms are
in general comparable to the secular contributions,
and therefore the proper treatment of the nondiagonal
relaxation matrices is of practical importance.

We first treat in detail the simplest problem, that of
two protons which are symmetrically equivalent but
not completely equivalent. The M =41 states, being
nondegenerate, automatically have diagonal R matrices,
but the R matrix for the M =0 state is not diagonal.
For the four states we use the basis functions

fa)=1%3% -5 ld¥=|-%% -1
lo)=1%-54%) [¥)=1-%-54%) (1)

in the notation | y)= | m,; m, my). The states | @) in
the relaxation-matrix element Ruqrgsr can be either
[a)or|b), while [a') can be | a’) or | &’). We assume
that Eq. (4.49) holds, and set the frequencies w
equal to zero in the spectral densities. Equations (4.46)
to (4.48) then give, for the diagonal terms,

Rowronr= Ry = A+B,

Rab'ab"= Rba’ba’=B, (7.2)
where
A=~ ju®(0) —ju®(0) ]— [ jn®(0) — 1 (0) ],
(7.3a)

= = (0) —ju® (o) — [ () —us® (en) ]
—[790(0)+§/® (0) +2% (@) JB2. (7.3b)

Equations (4.52) and (4.53) give, for the off-diagonal
elements, either zero or

= ”%jlz(p)(o) —%[ﬁzm (wﬂ) +'1'§4“]'12(D) (wo) ] (7-4)

according to the scheme

aa’ oo’ ab’ ba’
aed’' | A+B 0 c ¢
i 6 A4+B C C
a’| C ¢ B O
ba'| C C 0 B

(7.5)

It is easy to solve the differential equations [Eq.
(2.15) ] directly, and we do so rather than diagonalize
the R matrix and apply Eq. (3.3). The result is

(a] S | )= ]SO V)
= (1/4D)[(D+A4) exp(\t) +(D—4)
X exp(At)], (7.6)
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where
D=[A2+16C*],
\e=3[4+2B+D],
and use has been made of the initial conditions
(e] 8:30) [a')= (| S:7(0) [¥')=%, (7.8a)
(@] S:30) | 8)=(b] S:*(0) | &')=0. (7.8b)
Because of Eq. (7.8b), the ab’ and ba’ matrix elements
do not contribute to the correlation function G(#),
Eq. (2.11), or the spectrum, Eq. (2.13). Using the
inverse of Eq. {2.16) in these last two equations to-

gether with the solution, Eq. (7.6}, one obtains (cf.
Sec. I11},

(7.7a)
(7.70)

Toy
1+T2,12(w“w0)2

Tap
1+T2,22(w—wo)2} (7.9)

where T21= —A! and Typ= —A_"% The spectrum is
thus the superposition of two Lorentzian-shaped lines
with different transverse relaxation times T3 and T
and with statistical weights (D-+4)/Dand (D—A4)/D,
respectively. In the limit of uncorrelated nuclei,
[0 {(w)=0], C=0, D=4, and the spectrum
reduces to a single Lorentzian line of width Ty '=
A-+B and statistical weight two. This result also holds
if the anisotropic dipolar and nonsecular isotropic
terms can be neglected. If the nuclei are completely
equivalent [ fil# P (w)=74,50{w) ], 4=0, D=4C,
and the line becomes a superposition of two Lorentzian
lines, each with statistical weight one, and widths

Tog™ = [ J(0)+862 (0) +2 (e) 1B
Tor =T, 2,2"1+2jnw ’(0) +jua }ep) +lr4]'n(m (w0},
(7.10)

in agreement with Egs. (4.46) to (4.48) for one com-
pletely equivalent group with J®=1, M=0, and
J®=0, M=0.

In general the order of the relaxation matrix for a
line of degeneracy D is Dy?, and numerical methods
must be employed to obtain a solution for the widths,
The differential equations can be solved directly or the
matrix diagonalized, the two approaches amounting
to essentially the same procedure, or the spectrum can
be obtained directly by inverting the matrix.®% For
many applications the relaxation matrix has simplifying
features resulting from symmetry (or otherwise}
which cause certain sets of the time-dependent matrix
elements (| S:*(f) | ') to have the same value® A
sufficient condition for this simplification can be ob-

I(w)= <1/wD)[<D+A>

+(D—4)

% R, A, Sack, Mol. Phys. 1, 163 (1958).
# We would like to thank R. Bersohn for helpful discussions
about the properties of the relaxation matrix.
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tained as follows. To establish a convenient notation,
let us classify the matrix elements of S;¥(#) into sets
so that within each set the matrix elements have the
same value. Let there be g<D;? sets and »; matrix
elements in the 7th set, with 1<s#;<D;? and

Egng == Dkg.
=1

The jth matrix element of S,%(#) in the ith set is de-
noted by S§;*(¢) (where the first subscript refers to
the set and the second to a particular element of the
set). We now show that a set of the matrix elements
has the same value, say S;;}{(f) = S;*(#), independent
of 7, if two conditions are satisfied: (1) the matrix
elements S;3(0) = §;(0)=5:(0) at =0 are inde-
pendent of 7; and (2) the sum of the elements of the
relaxation matrix for the jth row of the ith set over all
the columns in the mth set is independent of 7, i.e,,

> Rijimn=Rim (7.11)

is independent of 7. It should be noted that condition
(1) is a necessary but not sufficient condition for dis-
tinguishing between sets, and that the indices ij; mn
used here to specify an element of the relaxation matrix
refer to a specific grouping of the elements that have
not been used elsewhere. To prove this result, we write
the formal solution of Eq. (2.15) as

Sit() = ZECXP<RO JismnSmn (0). (7.12)

The kth term in the series for the exponential is
(#/R!) 2R  Jiimn Sn (0)
= (t*/k!) Z RijipeRpgirs® * 'R;w;mnsmn(o): (7-13)

Pg...mn

and since the two conditions defining a set give

2 RyrimnSn(0) = RymSn(0),  (7.14)
the kth term iaecomes
(#/kY) ;[Rk]gmsm(O). (7.15)
The solution, Eq. (7.12), can thus be written
Sit(t) = ;[exp(Rt) JimSm{0). (7.16)

The right-hand side of Eq. (7.16) is independent of 7,
so that Sy*(¢) = S;*(#) for all 7, as was to be proved.

The number of simultaneous differential equations
for the matrix elements of S,*(¢) can thus be reduced
from D to g, i.e., to one equation for each of the
different sets. For example, the matrix treated above,
Eq. (7.5), can be replaced by the 2X2 matrix obtained
from only the first and third rows and columns. In
general, however, the reduced relaxation matrix de-
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fined by Eq. (7.11) is no longer a symmetric matrix.
In the representations we have employed for evaluating
the relaxation matrix in Sec. IV, only D;, of the matrix
elements (| S:(0) | @), those with the same nuclear
spin functions in | &) and | o’), are nonvanishing, as in
Eq. (7.8), and the solutions for the S;*(f) only have
to be obtained for those sets for which 5:(0) 0.

As an example of this procedure, we consider the
problem of three symmetrically equivalent, but not
completely equivalent, protons. The M==+2 lines
are nondegenerate, but the M= =+1 lines are threefold
degenerate and have a 9X9 relaxation matrix. Writing
Fii for 740 (w), we have fj;=722=7s because of the
symmetrical equivalence, and we assume jip=/n=7ju
and ji;=7;;. After writing down the detailed 9X9
matrix, application of this method shows that it can
be reduced to a 2X2 unsymmetric matrix. As a second
example, consider two symmetrically equivalent, but
not completely equivalent, N nuclei (spin /=1). The
M==2 lines are nondegenerate, the M =1 lines
doubly degenerate, and the M =0 line triply degenerate.
They have 1X1, 4X4, and 9X9 relaxation matrices,
respectively. Assuming that ji2=7/n, inspection of the
4X4 matrix shows that it can be reduced to a sym-
metric 2X2 matrix and, similarly, the 9X9 matrix can
be reduced to an unsymmetric 4X4 matrix. Four
equivalent protons in two different sets of pairs of com-
pletely equivalent protons can be treated in a manner
similar to two N* nuclei. We use the coupled representa-~
tion for each completely equivalent pair, letting
Ji®=0, J;1®=1 and similarly for the second pair.
The M =4-2 lines are nondegenerate. The M =1 lines
are fourfold degenerate and thus have 16X 16 relaxa-
tion matrices. Neither of the states | JiMi;JoMy)=
|1, 41;0,0)and | 0, 0; 1, ==1) connect with any other
states, and the 16X16 matrix is thus automatically
reduced to a 4X4 matrix. This latter matrix is identical
to the matrix for M =41 for two N nuclei, and can
be further reduced to a 2)X2 matrix. The M=0 line
has a 36X 36 relaxation matrix. The |1, 0; 0, 0) and
|0, 0; 1, 0) states do not contribute any off-diagonal
elements, and have the same width, corresponding to
that for a nucleus with =1, M=0. The |0, 0; 0, 0)
state does not mix either, and has a width corresponding
to that from a radical without any nuclei with magnetic
moments. The remaining three states give a 9X9
relaxation matrix identical to the matrix for the M=0
line for two equivalent N* nuclei, and it can be further
reduced to an unsymmetric 4X4 matrix. The detailed
form of these matrices, and their solutions, will be
presented elsewhere 24

These examples show that pseudosecular and non-
secular contributions lead to quite complex relaxation
matrices for even rather simple systems. The evalua-
tion of the matrix elements is in itself complicated and
tedious, and in general the solutions for the linewidths
can only be obtained by numerical methods.

J. H. FREED AND G. K. FRAENKEL

VIII. COMPARISON OF THE RELAXATION-MATRIX
AND BLOCH-ANDERSON THEORIES

In Secs. V and VI we saw that problems which can
be treated by jump models may be analyzed by either
the relaxation-matrix or the Bloch~Anderson theories.
It is the purpose ot the present section to compare the
usefulness and the range of validities of the different
theories.

The relaxation-matrix procedure is a completely
general method of treating the widths of nonover-
lapping lines subject to only one serious limitation:
The perturbing Hamiltonian #3¢;(#) which causes line
broadening must satisfy the (sufficient) condition
that [ (]3¢ | 2)ar 2 &K1, where 7. is a correlation time
characteristic of the motion. This restriction means
that the rates of exchange or jumping must be fast to
be handled by the relaxation-matrix theory. Unlike
the other theories, however, it can also be used for
nonjump problems.

The Bloch equations® are formulated in terms of
two parameters, the spin-lattice and transverse relaxa-
tion times, 77 and 75, and in the modified form?** can
be used to treat chemical exchange, or a situation in
which the spectrum changes by jumps from one form
to another, without a requirement that the rate of
transfer be fast. Problems like those treated in Secs.
V and VI, involving jumps between either two or four
states, can thus be dealt with over the entire range
from the static to the fast-exchange limits,

Unfortunately the Bloch equations are not applicable
under many circumstances, and it is only in treating
slow and intermediate rates of exchange that the
modified equations offer any advantages not contained
in the relaxation-matrix theory. The fundamental
difficulty in using the Bloch equations for the ESR
spectra of free radicals arises when the significant re-
laxation processes affecting a hyperfine line cause tran-
sitions to states belonging to other lines. A line is then
not “isolated,” and “cross relaxation” as well as “ver-
tical” and secular processes determine the linewidth
and saturation behavior. In fact, it is only under rather
special conditions? that Bloch-type equations, even
those involving more than one set of relaxation times,
can be obtained. The cross relaxations between the
hyperfine components result from terms in the per-
turbating Hamiltonian %3C;(#) which contain the oper-
ators I, that cause nuclear-spin transitions. These
operators appear in the pseudosecular intramolecular
anisotropic dipolar and quadrupolar perturbations, and
the nonsecular isotropic and anisotropic dipolar con-
tributions. The isotropic and anisotropic dipolar inter-
actions also contribute to the vertical relaxation proc-
esses, as do the g-tensor interactions and intermolecular
effects. In typical ESR experiments in solution, the
pseudosecular dipolar contribution is comparable to
the secular dipolar term, and the nonsecular parts are
related to the secular parts by a factor of the form
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(14-wgr 2y~ It is only when the g-tensor interaction,
the intermolecular interactions, and the secular part of
the isotropic interaction, are large compared to the
cross-relaxation processes that the cross relaxations can
be neglected. Some of the problems encountered in try-
ing to use the Bloch equations are exemplified by the
results of Sec. VII for the two-proton case. Even if the
protons are completely equivalent, there are two differ-
ent values of T for the central line [Eq. (7.10)7], and
separate Bloch equations must be used for the J=1
and J=0 components. If the protons are not com-
pletely equivalent but the dipolar and nonsecular
terms can be neglected, so that the off-diagonal term
C [Eq. {(7.4)] is negligible, a single line is obtained
and there is no difficulty in employing the Bloch
equations. This simple result follows because only
secular processes are included. If either the dipolar or
any of the nonsecular terms are large, however, the
relaxation matrix is not diagonal and the Bloch equa-
tions are inapplicable. It should be noted that even if
there are no problems about off-diagonal elements, the
modified Bloch equations do not properly include non-
secular effects.¥% Essentially similar limitations con-
cerning cross relaxation and nonsecular relaxations
apply to the Anderson® theory of motional narrowing.

In the limit of fast exchange, the relaxation-matrix
theory is usually simpler to use, as well as being more
versatile and more generally applicable, than either
the modified Bloch equations or the Anderson theory.
In using the relaxation-matrix theory for many sites,
the determination of the conditional probabilities (see
Sec. VI) can become quite a complex task, but even
greater computational difficulties are encountered
with the modified Bloch equations or the Anderson
theory. In fact, although Sack®™ and Pople® have
treated the three-state problem with the Anderson
theory, it was not until very recently that even a
restricted form of the four-jump Bloch equation was
explicitly formulated.™ In addition, a much wider
range of models, not only exchange or jump models,
can be treated with the relaxation-matrix theory than
with either of the other theories.

It is rather difficult to estimate the limit of validity
of the relaxation-matrix theory, i.e., the permissible
magnitude of the quantity [{] 32| dar 2. Since the
fast-jump limit of the Bloch—-Anderson theory, when
applicable, gives the same linewidth as the relaxation-
matrix procedure, it is perhaps reasonable to assume
that the fast-jump approximation is valid up to the
point where the exact solutions of the equations from
the Bloch-Anderson theories begin to depart appre-
ciably from the fast-jump approximation. Numerical
evaluation of the exact solutions shows that the fast-

5 1. 1. Kaplan, J. Chem. Phys. 28, 278 (1958); 29, 462 (1958).
( 5“‘I.)‘Solomcon and N. Bloembergen, J. Chem. Phys. 25, 261

1956).

5 3. A. Pople, Mol. Phys. 1, 168 (1958).
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jump approximation is good to a few percent if, in the
notation of Sec. V, | wp(A4) —wi(B) | r. <1, 01| 7. || @1 —
arn f 7. Sl

Kaplan has analyzed the problem of the effect of
exchange on a simple NMR spectrum by a more
rigorous procedure than that employed in the conven-
tional modifications of the Bloch equations.” This
treatment is formulated in terms of the density matrix
for the exchanging system, and includes the nonsecular
contributions which become important for fast ex-
change rates. Unfortunately, however, no complete
treatment of the equation of motion for the density
matrix has been carried out when both exchange and a
rapidly varying perturbation are present.

IX. CONCLUSIONS

A general theory of the linewidths in the electron-
spin resonance spectra of dilute solutions of free radicals
has been formulated in terms of the relaxation matrix
for the spin system. The results differ in a number of
ways from those obtained earlier by Kivelson using
the linewidth theory of Kubo and Tomita. The most
important qualitative difference is the prediction from
the relaxation-matrix theory that a composite line
arising from several degenerate nuclear-spin states
should in general consist of a sum of superimposed
Lorentzian lines of different widths rather than a
single line with an over-all Lorentzian shape. A single
Lorentzian line is still obtained, however, as a limiting
case when the variation in the widths of the different
components of a composite line is small compared to
the average width. The Kivelson theory is also not
altered in a fundamental way when only one nucleus
is present.

Although in many instances experimental limitations
make it impossible to detect the predicted non-
Lorentzian shape of a composite line from actual
studies of the line shape itself, the present treatment
indicates that an ESR spectrum may exhibit striking
variations in linewidths and amplitudes which are
outside the scope of the predictions from the previous
theories. The relaxation-matrix theory thus gives an
explanation, for example, of the alternation in line-
widths observed in the ESR spectra of the dihydroxy-
durene cation and several dinitrobenzene anions.

The types of linewidth variations in a spectrum de-
pend critically on whether or not different nuclei in a
radical have the same instantaneous electron-nuclear
interactions and on the dynamical correlations between
their motions and hyperfine splittings. Nuclei are
classified according to the invariance, with respect to
the interchange of their positions, of the zero-order
Hamiltonian £3C, and the relaxation-inducing perturb-
ing Hamiltonian #30;(¢). A set of nuclei is said to be
completely equivalent if the total Hamiltonian #3C=
fi3Co+73C,(£) is invariant with respect to interchanges
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within the set, while a set is said to be equivalent if 3C,
is invariant but 3C; is not. No new linewidth phenom-
ena are predicted if each equivalent group of nuclei
contains one and only one completely equivalent sub-
group, but if there is more than one completely equiva-
lent subgroup within an equivalent group, alternating
linewidths and similar effects may result.

The linewidths of the different components of a
composite line are given by the eigenvalues of the
relaxation matrix, and in general, since this matrix is
not diagonal, the diagonalization of the matrix (or
some equivalent procedure) must be carried out to
obtain the widths. When quadrupole terms are neg-
lected and there is one and only one completely equiva-
lent subgroup in each equivalent group, a representa-
tion for the nuclear-spin states can always be chosen
ab initio that yields a diagonal matrix. The matrix for
any collection of nuclei is also automatically diagonal
in a suitable representation if only secular processes
(those which involve neither electron- nor nuclear-
spin transitions) make important contributions. It
should be noted that even if the matrix is diagonal,
however, a degenerate line will in general consist of a
superposition of Lorentzians of different widths. Non-
diagonal matrix elements arise from nuclear-spin
transitions when there is more than one completely
equivalent subgroup in a single equivalent group.
These transitions are caused by the pseudosecular
interactions and some of the nonsecular interactions.
The former induce only nuclear-spin transitions, and
the latter (in part) also involve electron-spin transi-
tions. The pseudosecular terms from the anisotropic
intramolecular dipolar interaction are comparable in
magnitude to the secular terms, and thus if the dipolar
relaxation process makes a significant contribution,
the pseudosecular part cannot be neglected and the
relaxation matrix contains significant off-diagonal
elements. The most suitable representation for the
nuclear-spin wavefunction (in the absence of large
quadrupole effects) has been shown to be one in which
each completely equivalent subgroup is written in a
coupled representation and the total wavefunction as a
product of these coupled functions over all the different
subgroups. If the relaxation matrix is not diagonal using
this representation, the spectrum of a composite line
may have components with relative intensities that
are not in the ratio of whole numbers.

Kivelson was able to obtain expressions for the line-
widths of the hyperfine components in an ESR spec-
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trum in closed form, but this is now not possible for
the general case since there is no obvious representa-
tion which causes the relaxation matrix to be diagonal.
Even if the matrix is diagonal, so that the widths of
the individual components are given directly by the
negative of the elements of the relaxation matrix, the
determination of the apparent over-all width resulting
from a superposition of Lorentzian lines requires nu-
merical evaluation of the total shape function. Thus it
is only in rather simple cases that the width can be
given by an expression in closed form.

The relaxation-matrix theory provides a very general
method for computing linewidths in ESR spectra that
can be employed to analyze the effects of a variety of
relaxation mechanisms. It has been used to describe
modulations involving spin-density fluctuations and
internal motions in the radicals as well as the over-all
tumbling motion caused by solvent collisions. Only the
over-all tumbling was included in Kivelson’s treat-
ment. Some models for spin-density fluctuations and
internal motions can be analyzed by assuming the
radical exists in several different states which are
undergoing exchange reactions with each other, but
when applied to these chemical exchange or jump
phenomena, the relaxation-matrix theory is restricted
to the fast-exchange limit. The modified Bloch equa-
tions, or the Anderson theory of motional narrowing,
can also be applied to jump problems, but these theories
do not properly take into account pseudosecular and
nonsecular interactions. As indicated above, in many
instances such processes cannot be neglected. When
they are applicable, these two procedures can be used
over the entire range of jump rates, not just in the fast-
exchange limit. In the limit of fast jump rates, however,
the relaxation-matrix theory is both more general and
eagier to employ than the other two procedures.

A general theory simultaneously applicable to both
rapid, random, relaxation perturbations and slow
chemical exchange has not been developed. The present
modifications in the linewidth theory alter the theory of
saturation in ESR spectra, but the formulation of a
new theory of saturation has also not yet been
attempted.
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