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A hydrodynamic effect on chemically induced dynamic spin 
polarization* 
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Deutch has recently suggested that the effect of the hydrodynamic interaction represented by Oseen's 
tensor, on the relative diffusion of radical pairs, should have consequences for CIDNP and CIDEP 
signals. Detailed solutions to this problem have now been obtained by the finite difference approach 
of Pedersen and Freed to the stochastic-Liouville equation for the radical-pair mechanism. These 
solutions show that the hydrodynamic interaction typically leads to polarizations enhanced by factors 
of the order of 0.9-3 for CIDEP and reduced by factors of (3/4)-2(1/2) for the appropriate CIDNP 
parameter, and these factors are a function of the nature and magnitudes of the various interactions. 

I. INTRODUCTION 

Deutch1 has recently drawn attention to a hydrodynam­
ic interaction that influences the relative diffusive mo­
tion of a radical pair. It should therefore affect CIDNP 
and CIDEP phenomena, since they are particularly sen­
sitive to the relative diffusive motion. 

One must emphasize at the outset that the CIDNP and 
CIDEP phenomena are, in general, sensitive to all as­
pects of the details of the relative dynamical motions 
and interaction potentials of the radical pair. The ulti­
mate better understanding of these interesting experi­
ments and how to devise more meaningful experiments 
will rest, to some extent, on a theoretical understand­
ing of these aspects. It has been our objective, in ear­
lier treatments2-6 (I, II, III) of these phenomena, to il­
lustrate with simple, though meaningful, physical mod­
els the potential relevance of features of the molecular 
dynamics and interactions to the CIDNP and CIDEP ob­
servables. Thus, in the earlier work, we have consid­
ered the effects of the magnitudes and functional forms 
of the exchange interaction3•4; we have considered the 
effects of intermolecular interactions on the relative 
diffusion of the radical pair both in terms of the spin­
dependent exchange interactions and also the spin-inde­
pendent Coulombic interactions in the Debye-Htickel 
fashion. 4•

5 In particular, we found that the long-range 
Coulombic interactions could cause rather dramatic 
changes of both the electron and nuclear spin polariza­
tions, while the short range exchange effects on the dif­
fusion tended only to have small effects on the experi­
mentally relevant polarization quantities. There are 
many ways in which one may wish to improve the theo­
retical models beyond these corrections to the simple 
picture of relative diffusion of spherical molecules. 
Thus, for example, the relative molecular diffusion 
under strong reactive potentials should properly include 
inertial-effect corrections, and for most molecules, the 
exchange interaction J(r) must be highly orientation de­
pendent and not spherically symmetric. Furthermore, 
one would like to incorporate into both the statics and 
dynamics of the model more details about the structure 
of the liquid in the form of a good pair correlation func­
tion. All these relevant improvements can be success­
fully incorporated into our method of analysis, and we 
plan to report on such studies in the future. 
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For the present short work we have chosen to consid­
er Deutch' s suggestion. 1 This hydrodynamic interaction 
between Brownian particles in a liquid results from the 
fact that each particle creates a systematic flow pattern 
which affects the flow of the other particles. This hy­
drodynamic effect is approximately taken into account 
for spherical Brownian particles by using a modified 
diffusion operator6• 7: 

rr=V• [D1-2(kT)T(r)]• {V+(kT)"1 [VU(r)]}, (1.1) 

where 1 is the unit tensor and T(r) is Oseen's tensor 
given by 

(1. 2) 

with 17 the sol vent viscosity, D the diffusion coefficient 
for the relative motion between the two radicals, and 
U(r) the interaction potential between them. If T(r) is 
set equal to zero, then one has the usual Smoluchowski 
form of the diffusion operator. The effect of T(r) in Eq. 
(1) is to lead to diffusion with an apparent space-depen­
dent diffusion coefficient. 

The added correction to the diffusion equation, given 
by Oseen's tensor, is clearly an approximation. Oseen's 
tensor is a good approximation when the sizes and sep­
aration of the radical pair are significantly larger than 
the size of the solvent molecules. However, this cor­
rection is in the same spirit as any Brownian diffusion 
treatment of molecular diffusion and diffusion controlled 
molecular reaction kinetics. One may hope to get useful 
insights about the general trends. In particular, the 
features of a space-dependent diffusion coefficient do not 
appear in any previous model considered, and as we 
shall see, that is the essential new feature of employing 
Oseen's tensor. 

The method is based on numerical solutions of the 
stochastic Liouville equation: 

ap(r t) . 
~=[-iJC(r)X +rr]p(r, t) (1. 3) 

where JC(r) is the spin Hamiltonian for the radical pair, 
and it is a function of the interradical separation via the 
exchange interaction J(r). 

Deutch points out that it was not possible to find an 
exact solution to the problem, although the finite differ­
ence method of Pedersen and Freed would be directly 

Copyright © 1975 American Institute of Physics 



Downloaded 28 Jan 2010 to 128.253.229.158. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp

J. B. Pedersen and J. H. Freed: Chemically induced dynamic spin polarization 1791 

applicable. This is indeed the case, and we report on 
the results of such a solution. Since the methods are 
identical to those discussed earlier, 2-0 we do not discuss 
them further here other than to give the appropriate fi­
nite difference form [of Eq. (1. la)] in an appendix. Our 
results are for radicals of equal radii which should ex­
hibit the largest hydrodynamic effect. 6 Then Eq. (1) be­
comes for spherical symmetry (so that r - r is the only 
relevant variable): 

r =r-2~(r 2)(n-..3.I_)[~+(kTt18U(r)] (1.la) 
• ar 21r71r ar ar ' 

where we have assumed equal sized radicals. 

By introducing the transformation p(r)- rp(r) = p(r) 
and r,- rr,r-1 = I', one finds that r, p(r) = r-1 f, p(r). 
This yields an effective diffusion operator when U=O for 
Oseen's tensor of D(r)(a2/ar 2), where D(r) =D(l -3d/4n; 
but without Oseen' s tensor (i.e. , normal diffusion) this 
term is simply D(a2 /ar 2

). Similar changes are obtained 
for the other terms in r, when U(r) * 0, and this justifies 
our remarks that the use of Oseen's tensor corresponds 
to an example of an apparent space dependent diffusion 
constant, which acts to retard the relative diffusion as 
the radicals approach. 

II. RESULTS 

A. CIDNP 

We have already shown that the CIDNP phenomenon 
is very generally described in terms of two fundamental 
parameters5 

(2.1) 

and 

g:-* = lim 5"(T0) , (2. 2) 
A-1 

where 5" is the probability the radicals in specific nu­
clear spin states react per collision. A "collision" in­
cludes the first encounter, as well as all possible re­
encounters before the radicals finally diffuse away. 
Also 5"0 is the value of 5" calculated for Q = 0 where Q is 
half the difference in resonant frequencies of the radi­
cals, i.e., 5"0 excludes any effects from singlet-triplet 
(S - T0) mixing. The arguments S and T0 in parenthesis 
refer to initially singlet or triplet spins. Thus A is 
precisely the fractional probability of reaction (for Q = 0) 
of singlets for the whole 'bollision, " and g:* measures 
the conversion from triplets to singlets for the whole 
"collision. " 

In the presence of Oseen's tensor the quantities A and 
g:-* remain fundamental. Also the "exact" interrelations 
between lJ'(S), 5"(T0), and lJ'(R. I.) (where R. I. refers to 
a random mixture of Sand T0) given by Eqs. (3. 3)-(3. 5) 
of III are still obeyed. 

Furthermore we can again write 

(2. 3) 

where k(r) is the rate of reaction of singlets when the 
radicals are in contact, and T 1 is a characteristic life­
time of the interacting pair for the whole "collision." 

In all the cases we have examined, we find that T1 may 
be exactly represented by 

-i D -* [U(d)] ( ) 
T1 = d6.rk f exp kT ' 2.4 

where dis the contact distance of the two radicals, and 
the range of influence of k(r) is d to d+6.rk, and t,..rk«d. 
Also j * obeys 

(J*t 1 =d ['° exp(~~))[r(r-!d)rdr (2.5) 

This j* replaces the quantity/* given by 

(f*t1 = d ['° exp(~~)) r-2 dr , (2. 6) 

which was found to be appropriate in the absence of 
Oseen' s tensor, 5 and is the Debye-type correction found 
in the usual analyses of chemical-reaction kinetics. 
Typical results showing the Oseen' s tensor correction 
to r 1 are given in Table I. They show that Oseen's ten­
sor effects increase r 1 by the order of factors of 2, the 
effects being more pronounced in the presence 9f repul­
sive forces and less pronounced for attractive forces. 
This increase is expected for a mechanism that effec­
tively slows the diffusion as the radicals approach each 
other. 

Deutch has indicated that Oseen' s tensor may be re­
placed by Stokes' tensor in the analysis. 1 This form is 
perhaps more accurate for considering short range hy­
drodynamic interactions. 6 Note, however, that Eq. 
(2. 5) follows from Eq. (2. 6) by replacing r 2 by r 2 (1 -
- 3d/4r) which is equivalent to the transformation of 
D- D(r) [ cf. the discussion after Eq. (1. la)]. There­
fore, one might expect that the use of Stokes' tensor, 6 

where 

D(r) =r2 
[ 1 -!:( 1 - 1::2)] D 

for equal size spherical molecules, would result in re­
placing r 2 in Eq. (2. 6) by 

TABLE I. Effects of Queen's tensor on T1, t,, 
and]*. 

Kd'- T1/T1os 
b t,!t,cs b,e j+/f*d 

l
l/4 0.777 0.783 0.781 
1/2 0.739 0.745 0.744 

Attraction ! 0.687 0.691 0.690 
0.633 0.635 0.633 

No force 0.541 0.543 0.541 

Repulsion l t2 

0.431 0.439 0.434 
0.392 0.399 0.393 
0.372 0.378 0.372 

1/4 0.364 0.371 0.364 

8K is the Debye-HUckel reciprocal thickness of 
the ionic layer. Also a value of I U(d) I= fJkBT/ 

((1 +Kd) was used. 
1This is the ratio of r 1 (or t1) with Oseen's tensor 
neglected to the result including Oseen's tensor. 

•r1 ~ 2000 A. · 
~his is the ratio of/+ with Oseen's tensor in­
cluded to that neglecting it. 
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r
2 

[ 1 -!~( 1 - 1~;2)] • 

Such a replacement suggests that there would be little 
effect in the use of Stokes' tensor instead of Oseen's 
tensor. (Such comments would apply to the results be­
low as well.) 

In this context, it should be noted that Deutch and 
Felderhof6 have found that the mean rate of bimolecular 
encounters [in our notation 2k2 (d)]3 is given in the case 
of Oseen's tensor by 

(2. 7) 

where J* replaces 1*. The fact that the same correc­
tion appears in 2k2 (d) and Ti

1 may be understood quite 
simply. That is, the equilibrium constant K, between 
(nonreacting) radical pairs and separated radicals is 
given by • 

(2. 8) 

and it is of course independent of the molecular dynam­
ics. Oseen's tensor only causes the diffusion to be 
space-dependent. It does not change U(r). Thus K must 
be independent of whether or not Oseen' s tensor is in­
cluded. The fact that j* should appear in Eq. (2. 4) is 
easily obtained analytically in the standard manner8 from 
the steady-state flux expressions given by' Deutch and 
Felderhof. 6 

Furthermore we have found that t1 (where 1 - t1 is the 
total probability that two particles initially separated by 
r 1 will never encounter at r = d) is well represented by 
the expression: 

-* t1 =1 d/r1 , (2.9) 

where rr » d, by analogy with our previous result involv­
ing 1* instead of J*. 5 More generally, one expects from 
our previous results that 

-*/-* t1 = 1 - 1 'f h) , (2.10) 

where 

-* ( )_1 Ir1 [U(r)] dr 1 Yi =d 
4 

exp kT r(r- 3/4d) (2.11) 

such that 

]* = lim ]*(r1 ) • 

As we have previously noted (see Ref. 12a in III) such 
results are expected to follow from a simple argument 
based upon an analysis of k1 , the experimentally ob­
served rate constant for the reaction including diffusion 
for steady-state fluxes. Thus we may write4•5 

k1 =A 2k2 (d) 

(2.12) 

where 2k2(r1) is the rate of new bimolecular "encounters" 
at separation rr. Thus 

(2.13) 

which is seen to yield Eq. (2.10) by using Eq. (2. 7) and 
the equivalent expression for k2 (rr). Typical results of 
the effects of Oseen' s tensor on t1 are shown in Table I. 

We now turn to an analysis of g:*. Again Eq. 
(3.11) of III which relate 5'(T0), 5'(5', and 5-"(R. I.) 
to g:* and A are found to apply exactly. We give in Figs. 
1 (a) and (b) the corrections to g:* due to Oseen' s tensor 
for attractive and repulsive (shielded) Coulomb forces 
and no forces. As was the case for T 1, repulsive forces 
yield greater effects than no forces and attractive forces 
yield smaller effects. In general, the greater effects 
are obtained for small values of Qd 2 /D. In fact, the 
ratios ff'6s /ff'! (cf. Fig. 1) appear to be approaching 
those of T 1/T1(OS) (cf. Table I) as Qd 2 /D- O. But for 
large values of Qd 2 /D, the ratios ff'6sh! appear to ap­
proach unity, an effect most pronounced for attractive 
forces. The result for small values is easily inter­
preted by recognizing in this region, in the absence of 
potentials and Oseen' s tensor effects (for small J 0): 

g:* = ½ ✓Qd 2/D (2.14) 

and one should to a first approximation replace d by 
1* d (or J* d), i.e., this is the region where re-encoun­
ters after large separations are important, so the domi­
nant effect of the shorter range interactions is to intro­
duce an effective contact distance into the dynamics. 
For larger Qd 2 /D, Eq. (2.14) is no longer appropriate, 5 

To~ (a) 
~N* 1.3 
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.7 
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3 1/ 

1.6x 1Cf3 6.4x1<f3 1.6x10-2 6.4x1<f2 t6x10"1 6.4x10"1 1.6 6.4 

FIG. 1. Graphs of 3'dl/3'} vs the dimensionless variabls Q,il/ 
D. Here 3'6:J is the value for 3'* calculated with Oseen's tensor 
and ffi is the value neglecting Oseen's tensor. Curves 1, 2, 
3, 4, and 5 are, respectively for r<d=¼, ½, 1, 2, and no Cou­
lomb forces (where K is the susua Debye-HUckel reciprocal 
thickness of the ionic layer and I U(d) I = 5kBT/ (1 + r<d). Figure 
l(a) shows results for attractive shielded Coulombic forces, 
while Fig. 1 (b) gives results for repulsive shielded Coulombic 
forces. A low value of J 0 =10 5 sec-1 has been used (cf. III). 
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the effects of the initial encounter become more impor­
tant and one has 1t* o:: (Qd 2 /n)• with E < ½, so the depen­
dence of j* decreases. One should note that Fig. 1 is 
calculated for a very small value of the exchange inter­
action J0 = lo& sec-1

, which serves to exclude any effect 
of a finite exchange region. Some of our numerical re­
sults for more realistic values of J0 are given in Table 
II. In general the effect of larger J 0 values (that in­
creases with increasing J 0 and rEx/d) is to decrease 
8'63/8'!. For Q = 10

8 
sec-1, d = rEx = 4 A, and D = 10-4 

cm2 /sec, this reduction is negligible but for D = 10-0 

cm2 / sec there is a reduction of approximately 20%. 
These dependences may be understood by arguments 
similar to those used in III. The trajectories in the ex­
change region become more important when J 0 (and 
rEx/d) increases and D decreases (i.e., the diffusion 
slows down). In the exchange region the Q mixing is 
suppressed and consequently 1t* is decreased. Since 
the Oseen' s correction to the diffusion equation corre­
sponds to a slow down of the diffusion when the particles 
are close together one would expect 8'63 to decrease 
more than 1t! as is indeed observed from the numerical 
results. 

B. CIDEP 

In the theory of CIDEP, we have found P;, the asymp­
totic polarization of radical a as the radical pair sepa­
rates, to be the important new quantity. 3•

4 Further­
more, one may readily relate the polarizations gener­
ated in the presence of a spin-selective chemical reac­
tion to those in its absence by 

(2.15) 

where the subscript k = 0 indicates no chemical reac­
tion. 3• 4 The quantity 8'(R. I.) is often approximated as 
8'0(R. I.)=½ A and the small corrections may be obtained 
from Eqs. (3. 3)-(3. 5) of Ref. 5 and the discussions in 
Sec. II. A on 8'. 

TAI3LE II. Effect of Oseen's tensor on P"'/ff and ff*. a,1> 

D = 10-4 cm2/sec 

Our results on P"'/8' for R.I. are given in Fig. 2. 
They include shielded Coulomb interactions as well as 
no charge interactions. We give results in the two lim­
iting cases of low J 0 and high J0 • In order to interpret 
these results we briefly review the results neglecting 
Oseen' s tensor. 2- 4 For no interactions they were found 
to be approximated for a J(r) given by 

J(r) =Jo e-<r-d)A r?: d 

by 

with 

T 1(A)"" (d/DA) [l +(Adt1
] 

and by 

P';""(Qd 2 /D)"f2/(Ad)•', for 2JoT1(A)»l, 

(2.16) 

(2.17) 

(2.18) 

independent of J0• In these expressions, E ~½for 
(Qd 2 /D):S 0.016 but E-0 as Qd 2/D becomes larger. 
Also E' ~ 1 for Ad» 1 and (Qd 2 /D) < O. 016 but becomes 
smaller as these inequalities are violated. These for­
mulas can be incorporated in the form 

which approximates the over-all behavior, but is not 
exact. 

The general effects of attractive and repulsive forces 
on P"'/8' were found in II to be complex with typically 
opposite trends depending upon whether J0 was large or 
small. The general trend for small J0 is in accord with 
the trend (but not the quantitative values) obtained by (1) 
letting T(A) in Eq. (2.16) have the dependence upon 
f* eU<d>l~T of Eq. (2.4) and (2) letting (Qd 2/D)" in Eq. 
(2.16) have the charge dependence characteristic of 1t* 
as discussed in III and the previous section. [Note, 

D=l0-6 cm2/sec 
J0 sec-1 At. Kd=0.25° No force Rep. Kd= 0. 25° At. Kd=o.25• No force Rep. Kd= o. 25• 

105 1. 21 1.20 1.35 1.28 1.84 2.74 
(0. 83) (0. 56) (0. 39) (0. 98) (0. 75) (0. 60) 

107 1. 21 1.20 1. 34 1.28 1. 84 2.74 
(0. 83) (0.56) (0.39) (0. 98) (0.75) (0.60) 

109 1.21 1.20 1.34 0.88 1.66 2. 71 
(0. 83) (0. 56) (0. 39) (0. 94) (0. 73) (0. 60) 

1011 0.75 1.05 1.33 2.07 1.53 1.38 
(0.82) (0. 56) (0. 39) (0. 94) (0.67) (0. 51) 

1013 2.05 1.20 0.88 1.49 1.32 1.24 
(0. 82) (0. 57) (0. 39) (0. 90) (0.63) (0. 47) 

1015 1. 43 1.12 0.93 1.32 1.25 1.20 
(0. 82) (0. 56) (0. 39) (0. 87) (0. 61) (0.45) 

&-rhe values given are [P"'/ffla/[P"'/ff) and ffcii/;F (in parenthesis). 
110ther parameters used are Q=l08 sec-1, rEX=d=4 A, ~r=0.25 A, M=200, N=400, rN=5054 A, 

and IU(d)I =5ksT/(l+Kd). 
"At. and Rep. stands for attractive and repulsive shielded Coulomb forces, respectively. 
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1.6 Xd=¾-------­
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IPi9="JN 

-3 
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High J0 

-4 -5 -6 

-4 -5 -6 

however, that the Q dependence of the polarization is 
not the same for CIDEP as that for CIDNP. This re­
flects the different consecutive steps needed to create 
the respective polarizations (cf. Ill). In particular, for 
CIDEP E: will change from its limiting value of ½ (for 
Qd 2 /D Qd 2 /D « 1) much sooner (i.e., for much smaller 
values of Qd 2 /D) than is the case for CIDNP. This fact 
limits the quantitative validity of the arguments given 
for the trends]. For large J 0 the asymptotic polariza­
tions, which develop in spatial regions where r > d, are 
much less sensitive to charge effects. 

Our present results with Oseen' s tensor may be ra­
tionalized in terms of similar trends. That is for small 
J 0 , [P"' /3']08 /[P'°/B"] shows trends predicted by the prod­
uct of T 108/T1 and B'6s/B'* as expected from Eq. (2.16). 
For Qd 2 /D < O. 016 we have E: =½in Eq. (2.16), i.e., 
g:* = (Qd2 ]*2 /D)112 and consequently [P'° /g: ]08 /[P'° /ff]= 1. 
For larger Q d 2 / D values E: - 0 and we get [P'° /B' ]08 / 

[P'° /ff]-f* /]*. These effects are such as to increase 
P'° /B' by a factor of the order 1.1-3. The results for 

-7 

-Xd=t 

----..Xd=t 

-Xd=l 

-Xd= 2 

log10 D 

-7 

FIG. 2. Graphs of [P"'/1F)08/ 

[P"'/1F)N vs D. Here the sub­
scripts OS and N refer to 
results calculated with 
Oseen's tensor and neglect­
ing Oseen's tensor, respec­
tively. Figure 2 (a) shows 
results for attractive shielded 
Coulombic forces, while 
Fig. 2(b) gives results for 
repulsive shielded Coulom­
bic forces. The low J 0 re­
sults (upper curves) were 
calculated with J 0 = 105 sec-1, 

while the high J O results 
0ower curves) are for J0 
= 1015 sec-1. Note that K is 
the usual Debye-HUckel re­
ciprocal thickness of the ionic 
layer and I U(d) I = 5ksT/ 
(1 + Kd). Other parameters 
used are Q = 108 sec-1, rEx 

=5lnl0/?..=d=4 A. 

high J 0 typically show only a small effect from Oseen' s 
tensor, since the region of r~d, for.which Oseen's ten­
sor corrections are a maximum, have become relatively 
unimportant in the polarization process. A more quanti­
tative discussion of the behavior for large J 0 does not 
seem possible at present because we only have a very 
qualitative understanding of Eq. (2.18) even in the ab­
sence of forces. For intermediate values of J 0 the 
qualitative behavior is given by Eq. (2.19). One should 
note that Jmau the value of J 0 that gives maximum polar­
ization (cf. I), is given by 2JmazT1(X),,,1, and, since T100 

and T1 are different, the maximum occurs for different 
values of J 0 and consequently (P"° /3']08/[P"' /B'] can show 
an oscillation for intermediate J 0 values. A few of our 
results for intermediate J 0 values are given in Table II. 

Ill. CONCLUSIONS 

Detailed results for Oseen's tensor effects upon 
CIDNP and CIDEP have been obtained by means of the 
finite-difference solution to the stochastic-Liouville 
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equation. For this prototype model of a space-depen­
dent diffusion coefficient an exact expression was found 
for 71, the effective lifetime of the reacting radical 
pair. This expression may be indicative of a general 
form for other space-dependent diffusion coefficients. 
One finds that 7 1 is increased by factors of 2, with 
somewhat larger effects in the presence of repulsive 
forces, but smaller effects for attractive effects. The 
closely related quantity, the re-encounter probability 
showed nearly the same effects. 

The fundamental quantity for CIDNP W'*) is approxi­
mately affected inversely as the 7 1 correction for the 
range Qd2 /D < 10·1 which corresponds to most cases of 
normal liquids, and this correction is fairly constant 
over this range. Thus the relative dependences of the 
polarization upon Q, the hyperfine difference, an im­
portant experimental quantity, is not significantly af­
fected. For very viscous liquids for which Qd 2 /D"?.1, 
the Oseen tensor corrections become negligible. 

The effect of Oseen's tensor on the CIDEP quantity 
F'; /ff is generally quite small for large values of J 0 

(usually J 0 "?. 1012 sec"1 but more precisely J 0d/D'A.> 1) 
and may in most cases be neglected. For small values 
of J0 (usually ::s 1010 sec"1 but more precisely J 0d/D'A. < 1) 
substantial effects are encountered only in more viscous 
media with D < 10·5 cm2 /sec. Again, except for this last 
case of small J 0 and D, the relative dependence upon Q 

for different hyperfine states is essentially unaffected. 

These prototype results then indicate that for space­
dependent diffusion coefficients, which include a retar­
dation of the relative diffusion as radicals approach, the 
retardation will in most cases tend to reflect itself in 
a nearly constant correction (of order 1-2) to the polar­
ization for reasonable experimental variation in rele­
vant parameters, D and Q. 

APPENDIX 

W matrix3
• 4 

yW0 0 =2 +- -- 1 +- -~ 1--- F{l), 2Ar 6 ( Ar) 2r [ 3 d J-
• d 4 2d d 4 r 1 

6 ( Ar) - [ 3] yW0, 1 =-2+4 1-
2
d -2F(0) l-4. 

For 0< i<M use 

3d [ Ar ] - • [ 3d] yW1, 1•1 =-1+-
4 

1--
2

- -F{z) 1--
4 

. 
r1 r1.1 r1 

Then 

ywM, M-1 = (l ! n[-1 +::M (1 + 2!:_i)+i(M)(1 - 4~J], 
W _ _!_.!.~_F(M+1)2(rM+l _~) 

y M,r f f 4rM f(l+f) rM 4rM 

+ F(M -1)2 (rM-l -~) 
(l+f) rM 4rM ' 

yWM, M+l = f(l\ f) [-1 + 4!~ (1- 2!::i )- F{M)(l - 4!:)]. 
For M< i< Nuse this expression for 0< i< M with the ap­
propriate value of r, but change Ar to Arf and then mul­
tiply the total expression by f"2

• 

Also WN-i,N=0, 

WN,N-1 = f"2
[- 2 + 4~: (1 + 2!:~) +2F{N)(l - 4!: )] , 

WN,N=0. 

Also Y=-Ar 2/D and F(i)=½ArF(i). 
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