Generalized Einstein relations for rotational and translational
diffusion of molecules including spin*

Lian-Pin Hwang and Jack H. Freed

Department of Chemistry, Cornell University, Ithaca, New York 14853

(Received 20 January 1975)

In this work the validity of generalized Einstein relations, D(w) = k T/IB(w), where D(w) and
B(w) are frequency-dependent diffusion and damping coefficients, is examined from a general point of
view. It is shown that generalized Smoluchowski (S) equations for both translational and rotational
diffusion involving the D(w), which are defined in terms of simple correlation functions of the
fluctuating forces and torques, follow from the appropriate generalized Fokker—Planck (FP)
expressions when the translational and angular momenta are taken as rapidly relaxing and a coarse
graining in time is introduced. It is found useful in this context to distinguish between those forces
and torques fluctuating at rates faster than the diffusive-type motions of the B particle versus those
fluctuating more slowly. The appropriate FP equation for rotational diffusion is also derived.
Generalized FP and S equations are also derived for the semiclassical case where the molecule(s)
examined contains spin degrees of freedom. A proper application of the correspondence principle
leads to certain terms referred to as “spin-force” or “spin-torque” terms which have the property of
tending to restore the spins to their thermal equilibrium value, an important feature usually lacking
in semiclassical treatments. Some simple examples of the generalized S equations are given in terms
of memory function approximations of the random force and torque correlation functions. The
resulting expressions are seen to bear a close formal similarity to typical expressions developed for
simple jump models in either orientational or translational space. It is suggested that recent
frequency-dependent experiments, including some previously interpreted in terms of simple jump
models, may be amenable to analysis in terms of generalized Einstein and S equations.

l. INTRODUCTION

Itis generally well recognized that small molecularpar-
ticles in liquids should not be expected to obey simple diffu -
sional equations of motion that are appropriate for large
Brownian particles, There are, of course, many simple
and complex models offered for their description, ™
There also exist fundamental statistical-mechanical the-
ories of transport phenomena to deal with the problem,
but these rapidly become unwieldy and gross simplifying
assumptions are usually introduced at an early stage. In
particular, we note the existence of several treatments
based on modern methods which show how, in general,
one may achieve a formally exact solution in the form of
a Fokker~Planck equation but with a memory kernel or
equivalently a frequency-dependent friction coeffi-
cient.*™ The description of the latteris still an N-body
problem, so simplifying stochastic assumptions are
quickly introduced. More careful analyses have in the
past typically centered on showing how, in the limit of
a heavy solute particle, the well-known Fokker-Planck
and Smoluchowski equations are achieved.>™® When ex-
pansions in powers of the mass ratio of solute and sol-
vent particles may not be invoked, one is typically satis-
fied with introducing a simple functional form for the
frequency-dependent friction coefficient. The remaining
problem then involves just the phase space of the solute
particle. However, in many experiments, one is in-
terested only in the distribution function for the position
(or the orientation) of the solute particle, i.e,, the lin-
ear (or angular) momentum is not directly observed. In
general, however, the coupling of position or orientation
to the relevant momenta may be significant so that their
behavior is influenced by “inertial effects.” Many
authors have discussed models for such inertial ef-
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tects, 1 in terms of conventional Fokker—Planck ex-

pressions or some other simple models for the relevant
momentum relaxation, and these have been of some suc-
cess in analyzing experiments on small molecules in
very nonviscous fluids, It appears, however, that for
moderate-size molecules in aqueous or more viscous
solvents, the typical inertial effects are unimportant,
since the damping is strong enough, In conventional
Brownian motion theory this means that D/g<< 1, where
B is the frictional coefficient and the diffusion coefficient
D is given by the Einstein relation!! as

Dyr=kT/mBy (1.1)
for translational or
Dp=kT/IBg (1.2)

for rotational motion. However, even in the overdamped
region, for particles of molecular size this may not
necessarily be the appropriate limit. The translational
or rotational diffusion still may require more complex
description. In particular, one may postulate more
complex models for g; or B, than the Stokes relations
for Brownian particles.? More significantly, however,
is the question whether Egs. (1.1) and (1. 2) are still
valid. In fact, one may, by analogy with the fundamental
concept of a frequency-dependent friction coefficient g(w)
(which includes the N-body dynamics) introduce fre-
quency-dependent diffusion coefficients®®:

Dy(w)=kT/mBg(w),
and
Dx(w)= kT/IBR(w)y

which we shall call generalized Einstein relations. To
the extent that this is valid, one would anticipate being

(1.3)

(1.4)
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able to describe the molecular diffusion by a generalized
Smoluchowski equation.

Our interest in this matter has been motivated by re-
cent esr experiments, ¢ which appear to be rather
sensitive to the frequency dependence of the spectral
density generated by the molecular rotational reorienta-
tion. They are indicative of the breakdown of a simple
Debye-like spectral density which is obtained when Eq.
(1. 2) is applicable. Thus, they are suggestive of the
need for a more general relation, such as that of Eq.
(1.4). In this context, we note that these esr experi-
ments, as well as a wide variety of other experiments
on both rotational and translational diffusion, have been
analyzed in terms of Smoluchowski-type equations, i.e.,
diffusion of just the positional or orientational degrees
of freedom. In many cases of reorientational relax-
ation, however, the idea of jump diffusion, #™* in which
the molecule reorients in steps of substantial angle,
have been invoked to “explain” results of experiments
utilizing different techniques (e.g., ir vs Raman or
nmr vs dielectric relaxation) or results of a single ex-
periment that is simultaneously sensitive to the relax-
ation of several spherical harmonics (e.g., slow-tum-
bling esr**~18),  Jumps of finite length have also been in-
voked to describe results on translational diffusion of
molecules. *? One may reasonably ask whether alterna-
tive (or more fundamental) explanations exist, perhaps
in the context of generalized expressions like Egs. (1.3)
and (1. 4).

It is our objective in this work to examine the question
of the theoretical relevance and validity of Eqs. (1.3)
and (1.4). We study this matter in the context of already
well-developed theoretical methods. Thus, in Sec, II
we outline the derivation of a generalized rotational

 Fokker ~Planck (FP) equation along lines quite similar
to the typical derivation of the translational case using
a projection operator formalism.® The combined gen-
eralized translational —rotational FP equation also fol-
lows from this derivation, Then in Sec. III the passage
to generalized Smoluchowski equations is developed in
terms of a coarse graining in time approach based upon
a functional analysis approach. %! Thig analysis in-
volves an expansion in the assumed weak coupling of
orientation to angular momentum (or position to linear
momentum), i.e,, the momentum is taken as a rapidly
relaxing variable compared to the orientation (or posi-
tion).

Since many of the experiments that are expected to be
relevant involve spin resonance, for which the coupling
of spin and orientational (or translational) degrees of
freedom can become very complex, ¥~ we give in Sec.
IV the derivations of generalized FP and Smoluchowski
equations wherein the spin degrees of freedom are in-
cluded explicitly. These expressions are of the semi-
classical type, i.e., the spatial degrees of freedom of
the molecules are treated classically, while the spins
are quantum mechanical. There has been a fundamental
difficulty with such expressions, often referred to as
stochastic Liouville equations (in the case of convention-
al Markovian FP and Smoluchowski equations), 2224
That is, these expressions do not predict that the relax-

ation of the spins is to their thermal equilibrium val-
ue. %% Instead one usually introduces this as an ad hoc
assumption in the high-temperature limit. # Recently it
was shown how, for a particular physical situation (viz.,
relative diffusion of radical pairs with spin-dependent
exchange interactions which can be much greater than
ET), the Smoluchowski-type stochastic Liouville equa-
tion must be modified to correctly deal with this mat-
ter.? Another important objective of this work is to
rigorously examine how semiclassical generalized FP
and Smoluchowski equations including spin should be
formulated to overcome this weakness, Our results will
be seen to be a generalization of the model already
noted, .26

We give in Sec. V some examples of the generalized
Smoluchowski equations using simple memory functions
and we compare the results with typical jump-diffusion
expressions, A summary and conclusions are given in
Sec. VI.

ii. GENERALIZED FOKKER-PLANCK EQUATIONS

A. Rotational diffusion

We consider a liquid containing N solvent molecules
with moment of inertia components I,, I,, I;, in their
principal axis coordinates and a solute particle (re-
ferred to as B particle) with moment of inertia compo-
nents Iy5, Ipp, Ig in its principal axis system. For
simplicity here we first only consider the rotational part
of the Hamiltonian for this classical system:

2 2 2 N 2 2 2
2£u_1+_f:ag+£u+}: l[£u+_L_zL+£u_]
he 2Lp 203p 42 21L, L L

N N
+3 Ults =1, Q5,0+ Vi, -1, 9,,9,),
i=1

<4
2.1

where (L, Ly, L;) are the components of angular m(o— )
mentum along the principal axes, Ulrs-r;,Q5,,) is
the interaction potential between the solute particle and
the ith solvent molecule when their orientations are
specified by Euler angles @5 and Q,, respectively, rel-
ative to a fixed laboratory frame, and when their sepa-
ration is given by rp-r,, and ¥(r, ~r,, Q,,Q,) is the
similarly defined interaction potential between jth and
jth solvent molecules,

The Liouville equation is given by

iale

81,: =1[X, oy 1= Loxar (2.2)

where py.; is the N+ 1 particle distribution function and
the Liouville operator £ is separated into two parts;
£=£0+£ﬂ, (2.3)
N
33 8 Ix 9 83 9§
£o=~i ( o+ —+ —-—-)
0 {iz; 8P, 86, 8P, 8¢, 8P, 8y

(e )
80, 8P, 8¢, BP, 8y, 8P, :

for the solvent particles and
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9 83 ® 9 ®

ol e )
= 9P, B0y B8P, 8pp 8P, 8

(ﬂ5+33‘3 8+_8E8> (2. 5)
365 8Py, B¢y 8P, 8y B8P, :

for the B particle. Here (8,, ¢,, ¥;) are the Euler angles
Q and (P,,, P,,, P,,) are the associated conjugate mo-
menta, Equations (2.4) and (2. 5) may be rewritten in a
form appropriate for angular momentum components in
the principal axis system of the molecular inertia ten-
sors as?

N
£0:‘iz (fwy" Ty +N, * VL,*'Lk' VL,,) (2.6)
k=1
and
Lp=—iliwg - Jp+Np* Yy +Lp- 9, ), (2.7

where Jy is the rotational operator for the B particle
given by

Js= —irgXv,.; (2.8)
similarly
Jy=~in,xv, (2.9)

(These operators have properties like the quantum me-
chanical angular momentum operators, They are dis-
cussed in detail by Favro.?®) The N and N, are the
torques on the B particle and solvent particle, and are
given by

Np=~idy) Ulrs-r;,25,Q,), (2.10)
i

Ny=~id, Ulrp - Ta, 5, @) —id ) Vir, -1y, @y, Q).

" (2.11)
Also w, is the angular velocity and L, is the precession-
al term with components L, defined in the principal axis
system of the-inertia tensor by

Li= L -1, (2.12)
where &, , defines the cyclic permutations,

We now introduce a projection operator B by the defi-
nition

N
ﬁaspffn dr.a
i

where the integration is over the complete phase space
T, of all the solvent molecules, and o’ is defined by

A0, (L& Lia giﬂ}
exp {' kT [’C ‘,(zrm *3l,, T 2,,))!

1 _

p= -1 I3, L3, L: ]
Il =18 , 2B . 38

{ gdr, exp{kT [sc (2113 +oi +2133) }

Thus p’ is the distribution function of the solvent mole-
cules in the presence of the potential field of the B par-
ticle.

(2.13)

(2.14)

In particular when P operates on py.,; we have

N
PPNu:P’der{ pva=p’ f3(&s, Ls, 1), (2.15)
f

where f5(5, Lg, ) is the one-particle distribution func-
tion of the B particle.

We now introduce the boundary conditions on either
Py+ OF fg that they vanish (as do all their derivatives),
in the limit that any of the angular momentum variables
approach +~, It then may be shown from those boundary
conditions as well as Egs. (2.8) and (2.15) that

P(L4py.)=0.

The projection operator is now applied to the Liouville
equation (2.2), and with the help of Eq. (2. 16) we obtain

p*i(8/o8)f 5= PL5(1 ~ P)pyuy + PLs Py, (2.17)

(2.18)

Now, since P commutes with any operator just depen-
dent upon the B particle variables, we may show

Puwy - JBpN-rlzpfwB'JBfB (2.18)
S0

13“’3 . JﬂﬁpNﬂ:ple *JIpfs (2.19)
and

Pwy+ J5(1 = Plpy., =0, (2. 20)
which result from the idempotency of P,

Similarly we obtain

ﬁi:a‘ VLBﬁde:prB' Vg /5 (2.21)
and

Plp- v, (1-P)ya=0. (2.22)

Thus from Eqs. (2.17), (2.7), and (2. 19)~(2., 22), we
obtain

(8/8t+iwg* Jg+ L5+ VLB+(N5) . VLB)fB

== (p/V BNy - V. (1 - Bpyy, (2. 23)
where
N
(N = f II 4r:Nsp’ (2. 24)
i=1

is the average torque acting on the B particle. We now
add to the rhs of Eq. (2.23) a net zero term,

N ~
V. -JH AT (Ng)(1 = B)pyay
FH

N X
=Vig® (<Na>fn dT; pyay - (NQJndI', P’fs)= ¢,
' ‘ (2. 25)
so that

-~ N -
~(p”) PNy - VLB(I "P)PN+1+VLB fH {(Ng)(1 - P)pya
{

="fﬁdrt(Na-<Ns>)° Vip(1=P)pyy . (2. 26)
i

We now assume that the initial condition of py.(¢) is
given by®

pyn(0)=p7f5(0) . (2.27)
This enables us to simplify Eq. (2.26) (cf. Appendix A)
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and we obtain the generalized rotational FP equation

['5;+le JB+iIB. vLB+<NB> ¢ vLBi]fB

=Vi," f 47 Glt - 7)- [ +VL,,]fa(T), (2.28)

where G(t — 7) is the operator equivalent of the corre-
lation function for the fluctuating or random torques on
the B particle, and is defined by

G(t)sfﬁdl", R p{exp[ —i(1 - P)&¢ T Rap’

=(Rp{exp| -i(1 - P)t]1}Rp), (2.29)
with

Rp=Njp -(Np) . (2.30)
B. Translational diffusion

It follows from Resibois discussion® of the translation-
al case (and references cited therein) that the generalized
translational FP equation is given by

[8/8t+V5: Vo +(Fp)* Vg IS 3
=Vp, f dTGp(t = 1) [ +Vp ]fg, (2.31)

1

where vy and Py are the velocity and momentum of the

B particle, while (Fjp) is the average force on the B par-
ticle (which is normally zero unless there are finite
walls or external forces) and

G{t)=(Tz{exp] -i(1 - P)&¢ ]} T5) (2.32)
with
Ts=Fp-(Fp) (2.33)
and
(2.34)

Fp=~V,,> Ulrs-1;,95,9)
€

with £ in Eq. (2.32) the appropriate Liouville operator
for translational motion® analogous to the rotational
form of Egs. (2.3), (2.6), and (2.7) and the averaging is
over the linear phase space variables.

C. Combined translational-rotational diffusion

More generally, the combined distribution function for
the B particle in terms of both its translational and ro-
tational phase space is found by these type of arguments
to be given by

4 . ¢ v
[é_[ +Vg* V,B+<FB> * VPB+ZwB' JB+LB' VLB+<NB> ¢ VLB]ng= VPB‘L ar GT,T(t_ T)' [’k%'i-vPB]ng

t v
+v, dTGR'R(t ) * +vL A dTGM(t- T) |+ V| 37 +V, 0| dT Gt —7) |2 V5 | FER
5 B kT 0 kT

where
Gy, x(t)=(Tz{exp[ -:(1 -P)Lt1} Ry), (2. 36)
Gg, 7(1)=(Rg{exp -i(1 - P)et]} T5) (2.37)

and only when these cross-correlation operators are
negligible is it possible to separate out uncoupled dis-
tribution functions for f 7 and %, where in Eqs. (2. 36)
and (2. 37) £ is the sum of the Liouville operators for the
pure rotational and translational cases, and the averag-
ing is over the combined phase space variables,

I11. GENERALIZED SMOLUCHOWSKI EQUATIONS
A. Rotational diffusion

We now wish to simplify the generalized FP equation
(2. 28) by obtaining a distribution function for just the
orientational space of the B particle, i.e., let

PQ, t)sfd"LBfB(t) X 3.1)
In general, P(f, t) will be a function of the initial values
of both Q5 and Ly. However, we wish to consider the
analog to the Smoluchowski equation in which L is a
fast variable; that is, angular momentum relaxes much
faster than orientational variables, which relax ona
much slower time scale 7,. Thus we wish to introduce

(2. 35)

r
a coarse graining in time approximation such that the
distribution function is averaged over times #,> 7 ,but
still small compared to 7,. Such coarse graining also

means we will not be interested in frequencies w2 w,
=4t

Since orientational relaxation occurs via its coupling
to the angular momentum in Eq. (2, 28), the possibility
of choosing a #, such that 7, > {,> 7, means that the cou-
pling is weak, This is, of course, analogous to a “mo-
tional narrowing” approximation. Since the random
torques cause the system to go to equilibrium, then in
the coarse graining picture they guarantee that the angu-
lar momentum of the B particle is at equilibrium (see
below). Then we wish to treat the systematic terms
iwg* Jp +i.5 . VLB+(NB> * V.5, which couple the orienta-
tional degrees of freedom to Ly, as perturbations (e.g.,
(N3) should not be too large) so we shall label them by
u and rewrite Eq, (2. 28) as

[a/8t+ p'i‘B * vLB+ u'sz * JB+ “-(NB> ¢ vLB]fB(t)

H
w
Vi, f, arate- [ PO, G2)
[That the precessional term couples  to L, may be
seen by transforming the above expressions to the lab
frame]. ¥ Then, in terms of a perturbational approach,
we could expand fg(t) in powers of the parameter y:
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FeO)=f@O)=fol)+ wfil) +... p"7F(@)+... .

Similarly, the operator correlation function could be ex-
panded as

3.3)

G=Go+#G1+...IJnG"+-.. . (364)

However, an expansion like Eq. (3.3) is generally very
slowly convergent in ¢, and we are seeking an expres-
sion valid for ¢> 7;, We therefore introduce at this
point the coarse graining in time approximation by
means of a method based upon functional analysis which
is similar to the Bogoliubov method?®*? introduced in the
study of the Boltzmann equation. Thus for given

=18, L, 1), (3.5)

we assume that f{t), smoothed over times ~#, (such that
the angular momentum appears to be at equilibrium),
has its time dependence determined mainly by the time
dependence of the orientational degrees of freedom,
i.e., P(Q,t). More precisely we let f(t) be a functional
of P(Q, f) such that

£, L, )=£Q, L| P&, 1) .

Now, in place of Eq. (3.3), we introduce the expansion

(3.6)

A9, L P@, 0)=3 u7,(2, L| P@, 1) . (3.7)

n=0

The important difference between Eqs. (3.7) and (3. 3) is
that the £,(, LI P(, 1)) are still functions of the pertur-
bation parameter u via their functional dependence upon
P(Q, t), which itself depends upon u. It is this function-
al assumption which readily leads to coarse graining. %
Furthermore, we replace the time derivative (8/8¢) f5(t)
in Eq. (3. 2) by the functional derivative?®

8f(Q, LI P(, 1)) _
ot “Jas

6/, LI P(Q, 1)) 8P, 1)

r. (3.8
8P(Q, 1) Y] an )

We can obtain an expression for (8/8¢)P(R2, {) by integrat-
ing Eq. (3.2) over L as in Eq. (3.1). Note that in all
such integrations we shall assume that as L~=, f5(¢)
and all its derivatives vanish with the convergence more
rapid than L™ in order that f5(t) be a well-defined dis-
tribution function. Also we require G(f) be finite as
L-«, Thus, when the integration is performed, and
these boundary conditions are employed, Eq. (3.2) be-
comes:

%P(ﬂ, t)= —iuJ-fd%wf(t)

> —iJ-Zfdapr.""f,,(ﬂ, LIP®, 1), (3.9)
n=0
where we have dropped the subscript B, since the mean-
ing is clear. We then may rewrite Eq. (3.8) as

8f(Q, LI P(Q, £)) =i"i i

ot

8 n-m-1(82, LI P&, 1))
o 5P’ 1)

n=1 m=0

X [iJ-Jd“L W@, L | P8, t))dsz'].

(3.10)
The expansion of G(¢) such as by Eq. (3.4) is further
discussed in Appendix B, where it is shown that it is

useful to separate torque components into those which
are fluctuating more rapidly or comparable to the reori-
entation rate of the B particle and those which fluctuate
more slowly. Thelatter are more appropriately included
into a redefined average torque (Ny), which is then still
time dependent but on a slower time scale.

Now Eqs. (3.7), (3.10), and (3.4) may be substituted
into Eq. (3.2), and terms of the same explicit depen-
dence upon p" are collected. One then obtains for u°
terms

v, ,[o thGo(t -7 (kgT— +VL)fo(ﬂ, L|P(Q, 7))=0,

while for ", (3.11)
y 6/ n-m-1 (2, LI P(R, ¢ )

N R N AT

«’ t))dﬂ’:] +liw- T+l v +(N) - v, ) £oa(®, L) P@, 1)

_v, -J:d-rmi::n{Gm(t -n-[& +VL]f"_m(T)}. (3.12)

Note that since the £,(Q, L| P(8, £)) functionals still de-
pend upon p, the collection of terms according to Eqs.
(3.11)-(3. 12) is not mandatory, but rather is performed
to obtain reasonably convergent solutions.?*% One could
anticipate some difficulties for higher-order expansions,
but we shall only consider the lowest order »=0 and 1
terms,

We now consider Eq. (3.11). Since Gy(¢f - 7) and ¢ are
both arbitrary and =0, we may satisfy Eq, (3.11) with

(w/kT + V) fo(Q, L| P(2, ))=0, (3.13)
with solution

fol@, L] P(®, 1) [T @nt,kT) 2 exp( - L2/21,2T) .

(3.14)
The proportionality constant is then chosen in accor-
dance with the functional dependence of f,, so we have

fo®@, L| P@®, )= P(@, O[] @n1,eT) "2 exp( - LE/21,kT).
i (3.14"

We now consider Eq. (3.12) for n=1. There is clear-
ly only one term from the summation in the first term
on the lhs, but utilizing Eq, (3.14) [or (3.14")] it is seen
to vanish, since w is an odd function of L. There are
two terms from the summation on the rhs of Eq. (3.12),
but the term in f; vanishes by Eq. (3.13). Thus we have
forn=1

(fw- T+L- v, +(N) - ¥,)/0(@, L| P, 1)
¢
=9, -f atelt =) (£ +9,) 1, 1] P@, 1)
0 (3.15)
The equation is now premultiplied by L and integrated
over angular momentum space to yield
GI-N)/RT)P(R, t)= (kT) f dL)Lv,
t
jo dTGy(t - 7)* (/T + V) £(Q, L| P(R, 1)), (3.16)

where the precessional term may be shown to vanish by
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first operating with V, on f, given by Eq. (3.14") and
then summing the components of the scalar product,
The rhs of Eq. (3. 16) may be simplified as shown in Ap-
pendix B (see also Appendix C). One then may write

(I -(N)/ET)P, t)= (T)™ f (d3L)Lv,
. fotd'r Kt - 1)+ (W/RT+V,)£1(Q, L PQ, 1), (3.17)
where

N
K@)=]T [ 4r.Rs[exp(~iqt)Ro 0’ (3.18)

is the modified correlation function. It is clear from

the form of Eq. (3, 18) and the definitions of the various
terms [cf. Egs. (2.6) and (2.30)] that K(¢) is a function
of only Qp and £. Once that is recognized, and the rhs

of Eq. (3.17) is integrated by parts, and the usual bound-
ary conditions invoked, then one gets

( J- Qj}—) P@Q, t)—*(kT)'zf aTK(t - 1)+ (g’ , (3.19)

where

(witpP = f d*Lwfi(@, LI P(Q, 1) . (3.20)

This result may be Laplace transformed to yield
@3 ~N/RTIPQ, s)= ~[K[s /TP (w(sP . (3.21)

Now we note that to lowest order in p the Laplace trans-
form of Eq, (3.9) becomes (where u~1)

SP(Q,s) - P(R,t=0)=-iJ {w(sh)Pu

=id > RTYPK[s]" (T -(N)/RT)PQ, s),
(3.22)
where the second equality follows from Eq. (3.21).
Since K[s] is the Fourier~Laplace transform (i.e., s
= —iw) of the random torque acting on the molecule, then
we may invoke the fluctuation-dissipation theorem to
relate it to a friction coefficient (in units of sec™) as

K[s]=IrTRB[s], (3.23)

where I=$(I; +I,+I;) and then we may define a general-~
ized Einstein relation

Dr{sl=2T/18{s] . (3.24)
Then Eq. (3. 22) becomes
{s ~iJ- Dg[s]* (T —{N)/RT)} P(&, s)=P(Q, t=0). (3.25)

The Laplace inversion yields

8 P! sz t

2@,1 f dri 3 Dalt - 7)- [;J -g‘;l]pm, 7, (3.26)
which is seen to be a generalized Smoluchowski equa-
tion. It yields the classical Smoluchowski equation when
Dy may be taken as time independent. Specific examples
of this limit are discussed in Sec. V.

B. Combined translational-rotational diffusion

The combined generalized Smoluchowski equation for
the B particle in terms of its position and orientation
may be obtained from Eq. (2.35) in 2 manner similar to

the derivation of Eq. (3,26), Define a distribution func-
tion of the B particle in orientational and position space,
i.e.,

Plr, 2, 1) fd"LdeaPBf TR(f)., 3. 21)
When the inertial effect is ummportant we may treat
the systematic terms vy -V, +(Fp)* Vp +iwp* Jy+Ly
*Vp,+(Np) Vi, which couple the orientation—position
coordinates to Ly and Py, as perturbations, and impose
the same boundary condition on linear momentum space
as on angular momentum space discussed previously.
After some straightforward calculations, we obtain

8P(r, Q, ¢)

. =f0td'r(V,,iJ)-9(t—‘r)

, (V,—<FB>/kT

)P(r, Q, 1,
iJ~(Ng)/kT

(3.28)

where the Laplace transform of @(¢) is defined by

@[s]=(kT)2¥ " Ys] (3.29)

and x(¢) is a matrix defined by
<Krr(t) Km(t)>

x)= Ker(t) Kgeelt) (3.30)
with

K ®)=]] f dT, Alexp( - i£¢t)]Bo (3.31)

i=1

for

A,B=RorT,

where T'; refers+o the 12-dimensional linear and angu-
lar phase space of the ith solvent particle. It can easily
be shown from the Hermitian property of the Liouville
operator that K,;=K},. Then @(¢) has the same Her-
mitian property that the time-independent diffusion ten-
sor does. #

C. Relative translational diffusion

In the study of molecular translational diffusion, one
is often interested in the relative translational diffusion
of two particles, !*% The two particle FP equation has
been derived in the Brownian limit by Mazo.® In order
that one may expect a generalized Smoluchowski equa-
tion to be meaningful for this case we take these two
particles to have similar sizes and masses, This en-
ables the momenta of both particles to reach equilibrium
in the same time scale, We further require that the
average force between the two particles (see below) is
slowly varying in space. We also neglect coupling to
rotational motion for simplicity. Then, the generalized
Smoluchowski equation for the translational motions
of two particles A and B may be derived by the same
procedure discussed in this section from the generalized
two B-particle FP equation given in Mazo’s work. ®
After some simple calculations we obtain
9P(r,, ry f)_

of 2 f‘“vf D,,,(t~7)

i) J=A, B
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-(V,—%&Q)P(r,‘, rp, T)dT, (3.32)
which is of similar form to the typical results in the
Brownian limit (e.g., Ref. 8), except that now the time-
dependent D;; are included. The D;; may be defined as

(DAA[S] DAB[S]> \ (KAA[S] Kas[s] >-1
Dusls]’  Dasls] =(&T) Kasls]'  Kgsls] ’
(3.33)
where
Km,n(t)zﬁfdri Tm[exp( —iﬁot)]Tnpf (30 34)
i1

and m, n=A or B,

Since the averaging in (F,) and D,, is over the phase
space of all particles excluding particles A and B, and
the medium is presumably isotropic (no external field,
no boundary effect), one may conclude that D;;, (F,),
and P(r,, ry, {) depend only on the relative coordinate
r=r,-rg Then Eq. (3.32) may be transformed to the
new coordinates, and only the terms with relative coor-
dinates retained. We obtain

LR fd V. Dt 1) ( —M)P(r 7, (3.35)
where

D(t)= D4 (t) + Dyg(t) = [Dypt) + DY) (3. 36)
and

F(r)=(F =~(Fp . (3.37)
Also the Laplace transform of Eq. (3.35) is
fs =V, D(s) - [V, - F(x)/kT]}P(r,s) =P(r, t=0) . (3.38)

IV. GENERALIZED FOKKER-PLANCK AND
SMOLUCHOWSKI EQUATIONS INCLUDING SPIN

When the molecule (or B particle) contains spin de-
grees of freedom, then we modify the definition of the
total Hamiltonian as

H~3C+3C (R ) “.1)
and the Liouville operator as
Ly~ Lp+E7 Q)" - [T % Q)] Vs @4.2)

£~ L+ Q) — HIFH,Qp)] - Yy =8 +ETICQ)
4.3)
where #13,(R ) = £, is the quantum-mechanical spin
super-operator where the superscript x implies taking
the commutator (i.e., A*B=[A, B]). Itis both a quantum
mechanical spin function as well as a classical function
of 5. £ and £ are defined as before in Eq, (2.3). The
new term 3[J53C,(RQ5)]- V. p arises from applying the
Poisson bracket to the semlclassmal term 3¢, (), i.e.,
one considers [3,(2 ), pxalz papy [cf- Eas. (2.2) and
(2.5)]. The superscript + on this term denotes taking
the anticommutator (i.e., A*B=AB+BA), which is nec-
essary in order to guarantee the Hermitian property of

Here py.; is a spin density opera-
2224

; _ At
Pwrsly €.y Pye1 =PNe1e
tor as well as a classical distribution function.

The analysis proceeds as given in Sec. II till Eq.
(2.23). One must add two terms 3C%(8 5)f (¢} and
—i[F3C,(R5)'] - Y, f5(t) to the lhs of Eq. (2.23), but the
analysis of the rhs as discussed in Appendix A is some-
what modified. Equation (A2) becomes

a ~ ~ A
lgt‘(l = Poy =(1 = P)(&L; + £) (1 = Ppya,

+(1-B)E, +£)Ppy., . 4.4)

We now multiply Eq. (4.4) by exp[i(1 ~ P)£,¢' + £4'] and
integrate from 0 to . We then consider the lhs and rhs
of Eq. (4.4) separately. Thus:

lhs =7 {exp[i(1 = B)Lt +iL,t]}1 =~ P)py., ()

N fo “lexpli@ - B)&,' +ie T - B)E, + £,)

X (1 = Plpya, ) at’, (4.5)
where we have used the fact that
(I—P)plﬁ—l(o):o ] (4-6)

which follows from the initial condition, Eq. (2.27).
Now for the rhs we have

rhs = j t dt'{exp[i(1 - P)&,t +iL ']}
0
x{(1 - ﬁ)(“et + &)1 = oy ')
+ (1 - P) (&, + 8)Ppyn ()}
= fo t atr'{expli(l - P)&,t' +iL ']}

x{la —P)st + &1 - Ppyalt)

+(L=P)(&, + £ F5(")]} @
where the second equality follows from
PE(1 - Plpgat') = £P(1 - P)py, (') =0 . @.8)

Then Eq. (4.4) becomes
t ~
(1= Ppya)=—-i fo {exp[-i(1 = P)&,(t = ¢') ~iL (t —1)]}

x (1 - B)&,p f5(t') dt’ 4.9
when use is made of
(1 =-P)Lp’fst") =L, =P)p’fp(t') =0 . 4.10)

Equation (4.9) is the required generalization of Eq. (A3).
We may now apply Eq. (A8) to obtain [cf. Egs. (Al) and
(AT)]

N
Vig* J- H dT'Rp(1 = P)py.

==V, f drG5(t - 7) - [ +vLB] fa(D, @4.11)
where
N
G () =JTI dT,Rp{exp[-i(1 - P)&,t —iLt]}Rpp”  (4.12)

is the spin-dependent operator correlation function for
the random torques. We then obtain a generalized spin-
dependent FP (or generalized stochastic Liouville equa-
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tion)

(/0 +iwgs Jp+Lp* (V) +(Np + Yy~ 5ilT53¢,Q5)"]

t
«VLB+iGCs(QB)"/7i]fB(t)=VLB'J; arG°(t—-7)

. [% +vLB] £al1) @.13)

We now consider the passage to a generalized spin-
dependent Smoluchowski equation. The procedure is
nearly the same as the derivation given for Eqgs. (3.25)
and (3.26) except we include 3iJ53C,(R )]+ V , as one of
the perturbation terms. One merely notes the following
simple changes. First Eq. (3.9) becomes

[3/0t +iL, P, 1) ==iT» f AL wf (1)

——iJ }'_:,fdaL W™, (@, L| P@, 1),
n=

(4.14)
with P(R, t) a spin density operator as well as a distri-
bution function in Q,. Secondly Eq. (3.8) becomes

i(&}a_';i@ﬁﬁ +iL,f(2, L P@, 1)

of(Q, LIP(Q, 1) joPQ", 1) . , ,
=J-’ SP@ D { +iL P, t)} dasy’ .

ot
(4.15)
One can then carry out the same procedure as in the
derivation of Eq. (3.19) which now becomes

(Z.J_ Np | i[Jscs(n)q) p@,s)= =K o

kT 2rT (rT)?
4.16)
Then the equivalent of Eq. (3.22) becomes
sP(Q,s)-P(,t=0)=iJ- RT?(K[s +i&])*
. GI-N)PQ,s), @.17)

where

N
K[s +iL,)= fd: et Zl: fdr,RB{exp[- Lo+ LIt Rpp”
. i=

. (4.18)
= J’dt e st H de‘,RB[exp(— iLot) [Rpp exp(= i3C%t/H) ,
i=1
4.19)

where the second equality follows because the only non-
spin variable in JC¥(Rp) is R and, in general, 33(Q,) is
a simple function of Q4 (i.e., not an operator on Q).
Thus 3%(R2;) commutes with £,, which is not an operator
on B variables, and it commutes with R and p’, which
are also just simple functions of £, [cf. Egs. (2.10) and
(2.14)].

We then find that the equivalents of Egs. (3. 25) and
(3.26) are

{s +i8,~iJ+ Dgls +iL,]- [iJ- ’%J?— + ﬁ‘l‘;%’—)]}?(n, s)

=P8, t=0) 4.20)

and

PO - _igp@, o)+ [ aria- Dyt = Dexl- i8¢ -]
ot (

. [z L + M]P(ﬂ, 7,

- WT SET (4.21)

which is the generalized rotational spin-dependent
Smoluchowski equation. Note that in these equations

®TY __&T)
K[s +iLJ I8ls +iL]’

showing that to lowest order in u the effect of backflow
from the spin system on the lattice dynamics may be
neglected. When this lowest order approximation is not
valid, one has to return to Eq. (4.13) instead of Eq.

(4. 21) to allow for the disturbance of the angular momen-
tum due to the “spin-torque” (GJH?Y).

Dgls +iL,]= 4.22)

We now note that a completely analogous discussion of
the translational case will result in the generalized
translational spin-dependent Smoluchowski equation such
that in Eq. (3.38) one merely replaces s by s +i£; and
also adds the spin force term V,3C.(r)*/2kT. The com-
bined generalized spin-dependent translational and rota-
tional Smoluchowski equation is achieved in the same
way.

We now note that the first term on the rhs of Eq.
(4.21) gives the dynamical motion of the spin degrees
of freedom (i.e., it is an imaginary term giving the
quantum-mechanical oscillations) while the second term
has a real part which gives the relaxation to equilibrium.
We therefore consider this second term in the limit as
t -, such that P(, t) achieves its equilibrium value
P, (). Since D¢ - 7) and T are arbitrary, we have that
P, (Q) obeys (cf. Ref. 28 for the classical Brownian
case)

o 00, BRI, o).

kT 2kT .23)

Thus the spin-torque term has the same role as that of

a classical torque such that P, (Q) will be a spin-depen-
dent distribution function. The general solution to Eq.
{4.23) is quite complex so we shall, here, only consider
a high temperature approximation: 3¢,(Q)/kT <1, and
we let (N) =0 for simplicity. Then it is easy to show
that the high-temperature expansion of the canonical dis~
tribution in ¥, i.e.,

P (Q)=1-3C/kT +3(3C/kT)* (4. 24)

will satisfy Eq. (4.23) to second order in J¢,. However,
in general, the full canonical distribution,

— (4. 25)
does not satisfy Eq. (4.23) with {N) =0, since in gen-
eral [J3C,3C,]#0. This might be indicative of the fact
that at lower temperatures, the lattice is not to be ex-
pected to behave as a constant temperature bath. When,
however, {JiC,,3,]=0, then Eq. (4.25) will satisfy Eq.
(4.23). This is, for example, like the relative transla-
tional case treated elsewhere?® such that two identical
electron spins S, and S, interact via an exchange inter-
action J(r). However, in such cases, the system is
nonergodic, e.g., the “exchange force” V_J(r)S, - S}/
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2kT cannot interconvert singlet and triplet states, so it
cannot relax an initial condition of say pure triplets, but
it will distribute them in r space according to a Boltz-
mann distribution in the triplet exchange energy. It is
necessary, for ergodicity, that [JiC,3C,]#0, so the spin-
torque or spin-force induces transitions between the
eigenstates of 3C,. In many cases (Refs. 14-18, 23, 24)
one has 3¢, =3¢% +3¢/(Q), where C(R) is a small orienta-
tion-dependent perturbation and [3¢2, 3¢/(2)] #0 as well as
[5¢8 J3¢/(Q)] #0. In these cases then, the spin force can
mix spin states; however, it should be noted that the
spin force does not include the dominant 3 term in any
way. The presence of 3 in an equation like (4.24) is to
be inferred from the condition {3C% P, () =0 required in
Eq. (4.21) to achieve 8P, {R)/8t =0 (when explicit time-
dependent terms are not present in 5C,).

We note, finally, that a similar discussion would ap-
ply to the term 3[J53C,(R5)*] V., in Eq. (4.13) such that
fgleq) will be spin dependent.

V. EXAMPLES

We now wish to illustrate the use of the previously de-
rived generalized Smoluchowski equations with some
simple examples, We shall adopt here the approach of
replacing (e, g.) the modified torque correlation func-
tion, Eq. (3.18), by some simple memory function rather
than deal with the remaining complex N-body problem
(cf. Refs. 30 and 31 for typical memory function ap-
proaches).

A. Rotational diffusion

In particular, let us take the case of (N =0, and
consider an axially symmetric B particle, such that the
generalized spherical harmonics (or Wigner rotation
matrices) D&, (@) V(2L +1/87* are the well-known eigen-
functions of the Brownian diffusion operatior, 242 Then
from Eq. (3.25) and the known properties of J- D - J, *®
we have for the conditional probability function, or
Green’s function, subject to the initial condition

pe=0=0@-20- = (Ed)staon@, 6.1
LyK, M
the result
> (B oneonsm
P(@| 2, 5) = s +L(II:’+I-('1‘)IDR‘,_(S) TK% (D 1(5) ~ Dy, G’
(6.2)
where
Dy, [s]=RT)/K,[s], (5. 3a)
Dg, [s]=®RTY/K\s], (5. 3b)
and we have taken
K, (t) =ﬁ f dT; (Rp).[exp(-iLo)[(Rp)ep” (5. 4a)

N
K.(t)= H fdr‘{ (Ra)J[eXp(‘ i£ot)](Ra)jpf s j=xory
B (5. 4b)

which is a statement that the tensor K{) may be diago-
nalized in the principal coordinate system (x, y, z) of the

B particle, and we have asswmed that any time-depen-
dent fluctuations of the principal axis system of K(f) may
be neglected. This simplifying assumption that the ran-
dom torques exerted on the body are related only to the
symmetry of the body is a familiar one in rotational
Brownian motion.2® (Of course, for anisotropic liquids,
the symmetry may be taken relative to the external
laboratory frame. !5 %)

It will immediately be seen that Eq. (5.2) is equivalent
to the standard resuit for simple rotational Brownian
motion, except for the important feature of a frequency
dependent D{s]. We now illustrate this frequency de-
pendence with simple memory functions. First we con-
sider exponential memory functions

Ko(t)=(I,kT)Viexpl-t/Ty,), a@=lorl (5.5)
which yield

Dp,of(s)=D%, (1 +574,4), @=hor ! (5.6)
where

DY o =kT/IVEiTy, o =RT/I, B (5.6"

is the zero-frequency limit of the rotational diffusion
coetficient and 89 is the corresponding limit of the fric-
tion coefficient. The simple result of Eq. (5.6) is a
direct consequence of the simple exponential memory
function, If, instead, we use a Gaussian memory func-
tion,

Ko (t) = (I,kT)V e 2exp - (t/275,4)] G.7
then

B, (@) = Bodexp[— (@) IH1 +ierf(-iwTe,)],  (5.8)
with

Be=ViToa (.8

and s =—-7W,

The inversion of Eq. (5.8) to obtain Dg ,(w) is clearly
more complex in the present case, One has

ReDg, o (@) = D, o[exp(0T60)"]/[1 + A, (W], (5. 92)

IMDg, (@) = A4 (W)REDg, 4 (@) , (5. 9b)
with

Ay (0) mierf(-iwTg, ) - (5.9¢)

Many experiments monitor the orientational spectral
densities j;_,(w) given by

Jr,x(@)=Re J i e“"’(:l){;:(ﬂt)ﬁb,’;”(ﬂo))dt
0

=Re {- i@+ L(L +1)Dg,, () + K *(Dg,(w) - Dg, (D)},

(5.10)

where the second equality follows from application of

Eq. (5.2). When the exponential memory function Eq.

(5.6) is used, then we have

jL,K(w) =Re{-iw[l +L(L + I)D?Q,J.TM,J. +K2(D?a, A

- DY T M+ (L@ +1)DY , + K3 (DY, - DR, DI -

{5.11)

The zero-frequency spectral density is again seen to be
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formally equivalent to the Brownian motion result, but
the frequency dependence is different with the exception
of the limit D} ,7, ,—~0, i.e., rapidly fluctuating
torques. 3

We now consider the Gaussian memory function, Eq.
(5.7), but for spherical symmetry such that Dy , =Dy ,
=Dy for ease in presentation. Then

g = TL{ewa)Z /(1 +A{w)?] + 72sze'<ms)2[1 +A(w)f

x [1 + 7L A@)e 76" (w1 c)'l]}-l ’ (65.12)

Te 1+A(w)?

with 7, =[L(L +1)D%] .
plifies to

(@) e 7 11y e2r (1418 2T
JL L L .,.Lﬁ ’

which is identical to the result from Eq. (6.11) for
spherical symmetry when we let 7,(2/V7) ~T,. It ap-
pears, therefore, that for wt, <1, the results for j,(w)
are not very sensitive to the precise details of the
memory function used, although as wr,21, the sensi-
tivity to the model becomes much greater.

In the limit w7, <1, this sim-

(5.13)

We note also that the imaginary part of the Fourier-
Laplace transform in Eq. (6.10) can also be observed
in spectra as a dynamic frequency shift. =17

The results of a variety of experiments that measure
7 have been interpreted in terms of jump diffusion
models, where the molecule reorients in finite steps.
For a particular model of isotropic reorientation intro-
duced by Egelstaff,* theIvanov® theory may be expressed as

jr(@ =Re[-iw( +7,/7) +12] L+7/7,] . (5.14)

This corresponds to a model in which W(8), the distri-
bution function for diffusive steps by angle 8, is given
by

W(8) =Asin(38)exp(- 8/6) , (5.15)

where A is a normalization constant and 6<7. Also, 7,
is the mean time between jumps. It is seen that Eq.
(5.14) is quite similar to Eq. (5.11) for spherically sym-
metric diffusion [cf. also Eq. (5.13)]. Thus frequency-
dependent experimental results which are interpreted in
terms of jump diffusion may actually be reflecting a fre-
quency dependent Dg(s).

The application of the spin-dependent generalized
Smoluchowski equation (4.21) is considerably more com-
plex and is discussed in detail elsewhere, 3163 but we
note here that the frequency dependence due to Dgfs
+i&,] is of crucial importance and it can have significant
effects on the predicted spin resonance spectra.

B. Relative translational diffusion

We may similarly obtain for the Green’s function solu-
tion to Eq. (3.38) [with F(r)=0]
1
P(ry|r,s) = Eﬂ?ffpe""""°’[s +0°D()]™,  (5.16)

where we have neglected the dependence of D(r, ) on

intermolecular separation »=|r|. [We are already ne-
glecting rotation—translation coupling in Eq. (3.38).]
Again, this result is equivalent to the usual Brownian-
motion result? except that it contains the frequency-de-
pendent diffusion coefficient. For the case of an ex-
ponential memory function [cf. Egs. (5.5) and (5.6)] we
have

P(r, l T,8)= 'Sl?fdsp gtertrro[s(1 +PaDOTM) +PZDO] -,

(6.17)
when we assume that all the K, ,(¢) in Eq. (3.33) have
the same memory function. We wish again to note that
this result is similar to, but not the same as, the well-
known result for a simple-jump diffusion model?:

P(ry|r, s)= 8—lﬂ-§fd3p et o1 4 207

x[s(1 +p*D°1,) +p?D°]? (5.18)
corresponding to an exponential distribution
A(Ar) =[47D°T ;A7) "t exp| - Ar/ (DT )V7], (5.19)

where A(Ar) is the probability of a jump of magnitude
Ay in a single step, while 7, is again the mean time be-
tween jumps, Thus, frequency-dependent experimental
results interpreted in terms of translational jump dif-
fusion may also be amenable to explanation in terms of
a frequency-dependent D(s).

We note, in passing, that Eqs. (5.16)-(5.18) are con-
ditional probability distributions defined in the space
0=|r|<w=. Normally, however, for relative diffusion
there is a distance of closest approach d such that
d=Ir|l<w. Inthese cases, Egs. (5.16)—(5.18) must be
appropriately modified.*® However, Eq. (3.38) can
automatically satisfy the boundary condition at 4 with an
appropriately chosen F(r) #0 [e.g., F(r) =« for r=d).

Vi. SUMMARY AND CONCLUSIONS

We have shown in this work how general considera-
tions allow us to obtain generalized Einstein relations
such as Egs. (1.3) and (1.4). The frequency-dependent
diffusion coefficients so defined are features of general-
ized {time-dependent) Smoluchowski equations, These
equations are seen to follow from typical generalized
FP equations provided it may be assumed that the trans-
lational and/or angular momenta are rapidly relaxing
variables. However, it is likely required that the fluc-
tuating forces or torques be dominated by fluctuations in
surroundings as distinct from the motion of the B par-
ticle. The resulting generalized Smoluchowski equa-
tions have the interesting property that the fluctuating
force (or torque) correlation functions, in terms of
which the frequency-dependent 8(w) and D{(w) are de-
fined, appear simply as averages over the lattice at
equilibrium, largely unperturbed by the back reaction
of the B particle. This is not true for the original gen-
eralized FP equations, wherein one has operator cor-
relation functions in the space of the B-particle vari-
ables. We have not, in this work, attempted a compari-
son of the faster relaxing momentum variables relative
to the positional or orientational relaxation, Such an
analysis would probably require distinguishing between
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any fluctuating force and torque components that are
fast enough to cause momentum relaxation from those
which are slower but not too slow to contribute to D(w),
and this could be expected to lead to deviations of the
B(w) governing momentum relaxation from Eqs. (1.3)
and (1.4).

While the generalized FP equations for translational
motion have been derived previously, we have obtained
here the result for rotational motion in terms of well-
defined rotational variables and operators.

We have also derived generalized FP and Smoluchow-
ski equations including spin for the B particle. The re-
sulting expressions are semiclassical, i.e., classical
in ordinary phase space but quantum mechanical in spin.
These are of the type referred to as stochastic Liouville
equations which have been previously developed in terms
of time independent classical Markov descriptions of the
lattice variables. The present generalization thus al-
lows for non-Markovian descriptions of the lattice. It
is also shown how a proper application of the correspon-
dence principle in passing from quantum mechanical
commutators to classical Poisson brackets for the phase-
space variables leads naturally to a new term referred
to as a “spin-force” or “spin-torque” term representing
the back reaction of the spins on the lattice. This term
has the property of tending to restore the spins to their
proper thermal equilibrium value, an important feature
usually lacking in semiclassical treatments. Some of
the properties of the spin dependent FP and Smoluchow-
ski equations are discussed in this context.

We have not, in this work, attempted to demonstrate
from any microscopic theory the range of experimental
relevance of introducing a frequency-dependent D(w) in
place of the usual D{(w-0) except that we note that the
usual Brownian motion results are obtained in the limit
of rapidly fluctuating forces and torques. We prefer in-
stead to offer the general expressions to be used in
analyzing actual experiments, of a frequency-dependent
nature, to see whether real evidence may be obtained
for their importance. Recent results in our laboratory
have been encouraging on this score, For purposes of
having convenient results for such comparisons, we have
approximated the force and torque correlation functions
by simple memory functions. One interesting feature of
these results is that they lead to frequency-dependent
forms which are quite similar (but not identical) to those
predicted from simple jump-type models. This sug-
gests the possibility that analyses of (frequency-depen-
dent) experiments previously interpreted in terms of
jump models may be amenable to interpretation by a
frequency-dependent D(w).

APPENDIX A: THE RANDOM TORQUE OPERATOR
CORRELATION FUNCTION

We wish here to simplify the form of Eq. (2.26),
which we rewrite as

N N
fH dT;Rp* V; (1 =Py, =Yg ,* JI‘ldr;RE(l ~P)pya
i
(A1)
where Ry =Ny~ (Ny), and we have used the independence

of Ry on L. We now apply the operator (1 -P) to Eq.
(2. 2) to obtain

8 A 3 ~
i‘g(l “P)pml =(t —P)(£'0+£B)(1 —P)pm1

+ (1 =BV (Lo +Lp s - (A2)

We now assume that the initial state of the system is
given by Eq. (2.27). Then the formal solution to Eq.
(A2) becomes

(1 ~Ppyalt)=-i fot lexp[-i(1 = B)(£q + L)t — D]}

X (1 = P)&p fo(T)dT . (A3)
Now note that
1 - B)Lp fult) = (1 - P)Lpp ) , (A4)
which follows from £op”=0. Then we may use the
definition, Eq. (2.14) of p’, to show that
W Igp’ = (wp/RTHNpp” . (A5)

This enables us to rewrite Eq. (A4) as

a —f’)eﬁp’ifﬂ(t) =Rp* (Wg/kT)p’f5t) +Ry- p” + VLEfB(t)

(AB)
When Egs. (A3), (A4) and (A6) are substituted into Eq.

(A1) we obtain:

_VLB. j(;thG(t—T).[% +VLB:\fE(‘r) (AT)

[cf. Eq. (2.28)] with G(¢) given by Eq. (2.29).

APPENDIX B: EXPANDING THE OPERATOR
CORRELATION FUNCTION FOR THE TORQUES

The operator correlation function for the random

torques is given by Eq. (2. 29),

N ~
G(1)= f TI @r: Rs fexpl-i(1 - P)et]} Ry 0! (B1)

It appears on the rhs of Eq. (3.2) as

t

v+ [ dr 6(t-1) [0/kT+ VL] f7) (B2)
0

We now wish to study its expansion in powers of the

coupling parameter . We may rewrite the definition

of £ [cf. Egs. (2.3), (2.6), and (2.7)] as

£=C,—piliwe T+ L+ vV +(Ng)* Vg) (B3a)
where
L£,2Ly—i(Ng—(Np))* Vp=Lo~iRp" ¥y (B3b)

and is independent of . Then we may expand G(t) as

G(t)= G oft)+linear and higher order terms in 4 ,
(B4)

where

Go(t)sf INI Al Ry {exP['i(l‘ﬁ)Sct]}RBPj . (BY)
i

Since £, only neglects the systematic terms for the B
particle, it is clear that Gg(t) has the same random
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properties as G(t) itself, The latter are discussed in
Appendix C. The validity of the expansion equation

{B4) is seen to depend on whether the correlation func-
tion of the random torque G(/) is well approximated by
random fluctuations induced by the solvent as com-
pared to any (possibly systematic) effects from the B
particle itself trying to minimize an instantaneous non-
zero Rp by reorienting. I.e., a sufficient condition
should be that the memory in G(¢) due to fluctuations
from the surroundings be short (or at most comparable)
to the time required for the B particle to minimize Ry
by reorienting. Any fluctuating torque components
which are slowly relaxing in this sense are best handled
by inclusion in a redefined (N z(¢)), and the resulting
(generalized) Smoluchowski equation solved with this
time dependence explicitly included.

The first order term u on the rhs of Eq. (3. 2) [cf.
Eq. (B2)] is thus given by
¢ N ~
v,,cf d’rf T driRs{expl-i(1-P) g, (- )] }Rz0"
0
i=1
@

(s + Vo) fte, LIP(@, 1) (86)

We now multiply Eq. (B6) by L and then integrate over
L to obtain

N -
farre,- [ far I} dT,R, {explei(1 - P)gy(t- 7)]}

xRBpf(% N VL)fl(Q, LlP@, 1) . B7)
Note now that
exp[-i(1 - P)e(t - 7)] = exp[~i(1 - P)[go~ i(N

— (M) VIt = 7)]= exp[~i(1 - P)eyft - 7)]

+ /; 7 at{exp[~i(1 - P)eolt-7-1")]}

X (1 - PY=i)* (N~ {N))° V, exp[-i(1 - P)e,t'] . (BS)

We now substitute Eq. (B8) into Eq. (B7) and then
recognize that when the integration over L is performed
in Eq. (B7), the contribution from the second term on
the rhs of Eq. (B8) drops out due to the boundary condi-
tions satisfied by f1(2, L [P(RQ, t)). Then Eq. (B7) be-
comes

Jd’L LV, -fot d-rf 1 4riR, fexpl~i(1 - B)e ot - )]}
]

XRpp’+ (%+ v,,)fl(sz, L|P(Q, 1) . (B9)

Note that the exponential operator in Eq. (B9) is more
simply written as exp[-iLy(¢ ~ 7)] by Eq. (2.16). This
result appears in Eq. (3.17).

APPENDIX C: TIME EVOLUTION OF THE AVERAGED
FLUCTUATING TORQUE
The random torque operator Ry (t) is defined as
Rg (t)={exp[~i(1 - B)£t]}R, (c1)

where Rp=Ng~ (Ng) and it appears in the definition of

G(t) [cf. Eq. (B1)]. Its averaged value is defined by

(RB(t))sf II ari{expl-i(1 - P)2t]iRzp” . (C2)

i=1

Clearly (Rg(f=0))=0. We wish now to prove that
{Ry(t))=0 for all £. Thus we consider the time de-
rivative of { Rg(f)):

(Rp@n=T] f AT Ry(t)p”
i
=TI [ any-ieRs0)p°
j

+I!_Ijdl"jpf[lkljdl",,(z').,BRg(t)p"}=0 . (C3)

Thus (Rp(t)) must be constant in time, and since {Ry(0))
=0, then (Rg(t))=0.
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