
Downloaded 28 Jan 2010 to 128.253.229.158. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp

Is spin-aligned hydrogen a Bose gas?a> 
Jack H. Freed 

Department of Chemistry, Cornell University, Ithaca, New York 14853 
(Received 13 March I 979; accepted 5 September I 979) 

In the last few years there has been a renewed inter­
est in the possibility of preparing spin-aligned hydrogen 
atoms under conditions of low enough temperature (~ 10 
mK), high enough magnetic field (~ 100 KG), and high 
enough density (~ 1019 molecules/cc) that it will undergo 
a Bose condensation to a quantum Bose gas. 1- 5 The as -
sumption of Bose statistics appears at present to be a 
simple consequence of the fact that each H atom is com­
posed of a pair of fermions. Such an argument is, of 
course, true for the statistics of say 4He with a nucleus 
composed of an even number of fermions, since permu­
tation of He atoms involves the exchange of such nuclei 
which are bosons. But is such an argument appropriate 
when the exchange involves two very different particles, 
viz an electron and a proton, which have different inter­
actions with the other H atoms? In fact, it is the per -
mutation symmetry of all the electrons separately as 
well as all the protons separately to which the Pauli 
Principle applies. The statement at this level that H 
atoms would be Bose particles would be equivalent to 
distinguishing a particular electron-proton pair as 
"going together" rather than acknowledging the indis­
tinguishability of electrons with respect to each proton 
and visa versa. Of course, such an indistinguishability 
would not be of practical consequence if there were no 
feasible means whereby, e.g. , electrons could ex­
change. 6 But, in the interacting dense gas of H atoms 
there will be a significant exchange interaction between 
the electrons, which, from a many-body point of view 
leads to a renormalized, density-dependent exchange in­
teraction. 3 

It thus appears that we must be more careful in deter­
mining the statistics of a collection of H atoms. It is 
clear, from the quantum-fluid properties of 4He and of 
3He, that their respective properties as bosons and 
fermions, relates to their nuclear permutation sym­
metry, for it is the nuclear motions that exhibit super­
fluidity. We are thus led to the question: how can: 
fermions (i.e., protons) exhibit many-particle motions 
that are governed by Bose statistics? We give an an­
swer to this in terms of the Born-Oppenheimer approxi­
mation, which does emphasize the very different char­
acter of the electronic and nuclear motions. 

Thus, in the Born-Oppenheimer approximation, for 
a collection of H atoms at reasonable pressures we may 
write the many-body wave function: '1' ~ '1' e(r1, S1, RJ) 
X<l>n,e(RJ,IJ), where '1'8 (r1,S1,RJ) is the anti-symmetric 
many-electron spin-orbit wave function for all the elec­
trons in the field of the "clamped" nuclei, whereas 
<I>n,.(RJ, 11) is the many-particle wave function for all the 
protons in the effective-potential of the electrons in their 
"ground" electronic state '1'., and it also includes the 
nuclear spin-wave-functions. Now the overall require-

ment that >1' be antisymmetric with respect to permuta­
tion of electrons means that >1' • must have this property. 
But the overall antisymmetry of >1' with respect to per­
mutation of protons is determined not only by <I>n,e but 
by >1'. as well. It is this feature which can allow the 
protons in the H atoms to exhibit Bose-like behavior. 

We first consider >1' 8 , which can, in general, be writ­
ten as a sum of one or more Slater determinants. In 
particular, if we assume a valence-bond type picture, 
which seems appropriate for H atoms that have not 
actually recombined, we may write one such Slater de­
terminant in the usual fashion: 

where >1'1(j) is the H atom ls orbital centered on atom i 
and it is for electronj. Equation (1) does not corre­
spond to any particular value of the total electron-spin 
quantum number Sr· But, in the spin-aligned state we 
have Sr=N/2, and, given this exists only in a very large 
magnetic field, all electron spins are down; i.e. , >1' e 

= >1'2>1'!, where >1'! == Tif.1 /3(i), and >1'2 = (N! J- 112 11 >1' 1(1), 
>1'i{2), ---'ltN(N) 11, and where the orbital part '1'2 is itself 
antisymmetric with respect to electron permutations, 
but it is also antisymmetric with respect to permutation 
of nuclear coordinates. Thus, in this spin-aligned state, 
it immediately follows that <I>n,e(RJ, 11) must itself be 
symmetric with respect to permutations of the protons. 
Thus, the properties associated with the nuclear motions 
(in combined space and spin coordinates) would be ex­
pected to be those of Bose particles with spin. It also 
immediately follows, that if we are dealing with spin­
aligned deuterium, then <I>n,e(R1, 11) must be antisym­
metric with respect to permutations of the deuterons, 
in order that '1' be overall symmetric; so spin-aligned 
deuterium would behave as fermions. 

On the other hand, if the electron spins were not 
aligned, and, e.g., Eq. (1) applied, then, even though 
the antisymmetry of the electrons is guaranteed, Eq. 
(1) does not have any simple symmetry with respect to 
interchange of nuclear coordinates, because it is not 
possible to factor out the electron-spin functions. This 
difficulty can even be seen in the simplest case of N 
== 2 ! 7 Thus, the requirement of overall permutation 
antisymmetry for the protons would no longer allow for 
a simple factorization as given above even in the Born­
Oppenheimer approximation l 

What then is the difference of the spin-aligned H case 
from that of 4He, such that in the latter case nuclear 
bosons lead to the obvious Bose behavior? This is sim­
ilar to the question of the statistics of hydrogen in its 
ground state, with Sr= 0, i.e., hydrogen molecules. In 
this latter case we can write '1'.=(N!t11211'1'j(l)a(l), 
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'1'1(2)/3(2), ---'1'Z,1i{N)J3(N)l1 where '1i1(j) is the bonding a 
molecular orbital at the ith molecule containing electron 
j (while for 4He it would be the ls type orbital). 1?ut, in 
this case (as we have already noted) there are no feasi­
ble processes by which the electrons in the separate 
molecules will exchange over reasonable time scales so 
the permutation symmetry of such electrons has no 
practical meaning. In fact, we would assert that the 
only reasonable processes are just the nuclear motions 
which exchange well-defined H2 molecules. This in­
volves exchange of electron pairs or bosons and proton 
pairs, again bosons. Thus boson statistics appears 
quite natural. 6 

We have not, in the above, considered the hyperfine 
term al• S in each hydrogen atom, which would tend to 
couple electron and nuclear spins. If it were important 
it would tend to invalidate the separation of these spin 
degrees of freedom as appears above. But, in fact, one 
requires the presence of very strong magnetic fields 
which decouple the electron and nuclear spins. Also, it 
is the residual coupling from a I· S in large but finite 
magnetic fields (as well as intermolecular spin-dipolar 
interactions)3 that act (weakly) to destroy the spin­
aligned state with boson-like properties. 

Lastly, we wish to call attention to the fact that for 
the spin-aligned H, <l>n,e(R;, 11) will be nuclear-spin de­
pendent (unless one succeeds in also polarizing the nu-

clear spin-states, a rather severe requirement). How­
ever, the usual treatments of the quantum Bose gas are 
for spinless particles (but see Ref. 3) and this would 
have to be modified. 8 
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Local energy-dependent exchange potentials have 
proved of great value for electron-molecule scattering 
calculations. 1- 31 Although several of the applications 
have been for low-energy scattering (0-10 eV), the ap­
proximations are better justified at intermediate energy 
and high energy. 32- 36 The two most widely used models 
are the Hara free-electron-gas exchange (HFEGE) ap­
proximation1 and the semiclassical exchange (SCE) ap­
proximation, 32 and results obtained with these two mod­
els have been directly compared for integral and differ­
ential cross sections for H2

23 and for partial and integral 
cross sections21 •22 and for differential cross sections21 

for N2. The comparison for differential cross sections 
for N2 is that of Siegel et al. 27 in the context of the con­
tinuum multiple-scattering method26 with the muffin tin 

approximation. In the present note we provide a similar 
comparison not involving the muffin tin approximation. 

We perform converged rigid-rotator rotational close 
coupling calculations4 for two different effective poten­
tials. The rotational-orbital basis for each calculation 
is basis set XVill-35 of Ref. 11. The effective poten­
tials are identical except for the exchange part. Each 
potential includes, in addition to exchange, a static po­
tential calculated by the INDOX/ls method6•10 and a po­
larization potential calculated by the INDOX/ AAP mod­
el. 10 The exchange potentials are functionals of electron 
density, which was obtained by the polarized INDOX/ls 
method. 10 The resulting rotational-state-to-rotational­
state (j = 0 - all j') cross sections are given in Table I. 
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