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A relatively simple method is developed whereby the many-body features of a typical generalized 
Fokker-Planck equation (GFPE) for a diffusing molecule are first replaced by stochastic bath variables 
that are assumed to be Markovian. Then the combined molecular and bath variables are characterized as 
a multidimensional Markov process obeying a stochastic-Liouville equation, which is, in general, 
incomplete, because it ignores the back reaction of the molecule on the bath variables. In the final step, 
the equation is completed by subjecting it to the appropriate constraints required for detailed balance. In 
this form the augmented Fokker-Planck equation (AFPE) properly describes relaxation to thermal 
equilibrium, and, for the appropriate limiting conditions, it reduces to the classical Fokker-Planck 
equation. This procedure for stochastic modeling of GFPE is both an improvement on and a 
generalization of a method previously outlined by Hwang, Mason, Hwang, and Freed (HMHF). Detailed 
illustrations of AFPE's are presented for the simple case of a planar rotator subjected to fluctuating 
torques, and these models are extended to the case of three-dimensional rotational diffusion. Examples 
include fluctuating torque models related to that used by HMHF. It is shown that only if the fluctuating 
torque is independent of the orientation of the molecule (more precisely of any fluctuating equilibrium 
orientation of the molecule), does the model become equivalent to the usual generalized Langevin 
equation. Otherwise, more general nonlinear models are obtained, which, however, are easily handled by 
the present methods. Models related to the slowly relaxing local structure (SRLS) model of Polnaszek 
and Freed are also developed. They are shown to be a consequence of requiring relaxation to the 
instantaneous value of the fluctuating potential associated with the torque, whereas the fluctuating torque 
models are a consequence of requiring relaxation to a uniform orientational distribution. They differ 
further in that the SRLS models are "nonfrictional". For these reasons we characterize the fluctuating 
torques as being "collision-induced" and the SRLS as being "structure-induced". 

I. INTRODUCTION 

Recent studies in these laboratories on molecular dy­
namics in liquids by means of ESR1- 4 and NMR5 have 
clearly indicated the important role of the fluctuating 
torques acting on the spin probes, especially in more 
viscous fluids. The existence of torque components 
which fluctuate on a time scale slower than that of angu­
lar momentum relaxation and of the order of or some -
what faster than the reorientational correlation time of 
the probe leads to a breakdown in the "white-noise" as­
sumption of classical Brownian motion theory, which 
may be described (in a non-Markovian fashion) by a fre -
quency-dependent friction coefficient. 1•6 Torque compo­
nents characterized by even slower fluctuations were 
shown to yield a dynamical local ordering on the probe, 
which may be described by means of a slowly relaxing 
local structure (SRLS) model. 2• 7 When these are co­
operative long-range motions, such as for example 
(quasi-) critical fluctuations near critical points or sec­
ond-order transition points, or director fluctuations in 
liquid crystals, then each such phenomenon may be 
treated as a multimode generalization of a SRLS mecha­
nism, such that the projection of the cooperative mo­
tions at the site of the probe induces slowly fluctuating 
torques and/or forces upon the probe. 7•8 In general, the 
non-Brownian particle will experience a whole spectrum 
of fluctuating torques, which may in some sense be Fou­
rier analyzed in terms of the rapidly and the more slow­
ly varying torque modes. In the Brownian limit, where-
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in the probe becomes very large, then all such modes 
will necessarily be rapidly relaxing and the simple -
classical form of Brownian motion theory should be re­
covered. 

In the belief that these models have more general ap­
plicability beyond their usage in magnetic-resonance re­
laxation, we wish, in this work, to present a more uni­
fied discussion of their characteristic features and their 
validity. 

The many -body aspects of the motion of a probe mole -
cule in a liquid may, in principle, be dealt with through 
the use of such procedures as the generalized Fokker­
Planck (GFP) approach such as employed by HF 6 for ro­
tational reorientation. That is, one may write 

[:t + iwB • J B +LB• 'V LB+ (NB)· V LB] f B 

=-'VLB. (RB)P='VLB. ~t drG1rn(t). [;; +VLB]!B' 

{1.1) 

where 

(1. 1') 

In Eq. (1.1), fB=fB(wB,OB, t) is the distribution function 
of the B or probe particle in terms of its angular veloc­
ity wB, and the Euler angles OB specifying the orienta­
tion of a co-ordinate frame fixed in the molecule and the 
laboratory co-ordinate frame; JB is the rotational opera­
tor for the B particle, LB is its angular-momentum, 
LB· V LB is the precessional term, (NB) is the average 
torque acting on the B particle (with the averaging over 
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the equilibrium distribution of the bath molecules), while 
R8 is the fluctuating part of the torques (i.e., (N8 ) has 
been substracted out). Now (R8 ) P is the instantaneous 
R8 (t) averaged over all the bath molecules with the com­
plete distribution function at time t. It is usually re­
written in terms of the correlation operator GRR(t) as 
shown in Eq. (1.1) by taking advantage of the fact that 
the equilibrium average (R8 ) is by definition zero, and 
then by using an appropriate choice of initial conditions. 
The operator GRR(t) is still an operator on/ 8 (implied 
by the subscript B on the angular brackets), a fact that 
is often ignored, 9 as well as a "correlation function" of 
the random torques. From an analysis of the properties 
of GRR(t), HF suggest that only the more rapidly relax­
ing components of the fluctuating torque be included in 
the GRR(t), while the slowly relaxing components (e.g., 
SRLS) be included in a redefined (N8 (t)) p which now is a 
slowly varying function of time. More precisely, we let 
(R8 \ = (R~). + (Ri\ (the faster and slower parts, respec­
tively) in Eq. (1.1) and now let (N8)- (N8(t)).= (N8) 
+(Ri>., while GRR(t)-(R;(o)R;(t))8 . This separation 
is, in principle, purely arbitrary, but may be justified 
in part in terms of the different physical implications of 
these torques. In any event the resultant problem asso­
ciated with an (N8 (t)). or a GRR(t) is still a many-body 
problem, which we prefer to deal with by stochastic 
modeling. In particular, in this work we shall be con­
cerned with the different features for modeling a (N8 (t)). 
(e.g., SRLS) versus a GRR(t) (e.g., "fluctuating 
torques"). 

It has been possible, by simple stochastic modeling 
of Eq. (1.1), to obtain results which are consistent with 
some of our experiments, 1- 5, 3 but the generalization and 
underlying principles of such procedures is, perhaps, 
unclear. In this work we wish to present a general pro­
cedure for generating appropriate stochastic models, 
which was first suggested by HMHF1 in a form they 
called the "augmented stochastic Liouville" (ASL) ap­
proach. But this earlier, very brief, treatment was 
limited in its scope and applicability. Its most serious 
defect, in terms of fundamental principles, was its 
failure to explicitly include the constraints of detailed 
balance into the formulation of the ASL, thus rendering 
it largely a "high-temperature-limit" theory except in 
special cases when needed corrections could be intro­
duced in a largely ad hoc fashion. Furthermore, HMHF, 
in their preliminary effort, point out that while the sim­
ple model they used had some of the correct qualitative 
features to be consistent with their experimental results 
(and it was rendered consistent with detailed balance), 
there were physically unsound features in that (1) the 
fluctuating torques were assumed to be independent of 
the orientation of the B particle, and thus not quenched 
by the reorientational motion; and (2) the experimental 
results indicated that the fluctuating torques were slow­
ly relaxing (i.e., I V0Tv I 2 » 1, where V0 is the magni­
tude of the torque with relaxation time Tv) but they only 
developed the formalism for fairly rapidly relaxing 
torques. Subsequently Polnaszek and Freed2 • 7a utilized 
the ASL approach in modeling SRLS and spin relaxation 
in liquid crystals. Their simplified treatment is limited 
by the assumptions that (1) the fluctuations in the order 

parameter and/or local director are small and (2) these 
fluctuations are slow compared with the reorientational 
correlation time, and (3) the back reaction of the re­
orientation of the B particle on the SRLS was neglected. 
Also, if the time scales do become comparable, there 
exists the basic question of whether the SRLS and flue -
tuating torque models become equivalent, or whether 
there are more subtle differences between the two physi­
cal models. A major objective of the present work is to 
resolve all these m::itters. That is, we develop a more 
general procedure for obtaining ASL models consistent 
with the constraints of detailed balance. This, then en­
ables us to remove the limitations of the earlier work as 
well as to gain better insight into the nature of these 
models and to provide the means of generating more 
realistic models (which can include several torque 
modes), for careful comparison with experiment. 

We are also motivated by recent interest10 in stochas­
tic molecular dynamics by means of trajectory calcula­
tions of generalized Langevin equations (GLE). While 
the methods of solution described in our work are those 
appropriate for ASL or augmented Fokker-Planck equa­
tions (AFPE), nevertheless this work is relevant to the 
methods of stochastic molecular dynamics in that the 
ASL equations (or AFPE) may be transformed to aug­
mented Langevin equations (ALE) (cf. Appendix A), 
which are then directly amenable to the trajectory cal­
culations. In fact, our approach appears to us to be 
even more convenient than the use of the GLE approach, 
because the ALE equations have time-independent coef­
ficients rather than the "memory kernels" of the GLE, 
and also nonlinear couplings are easily included in the 
ALE; in fact, the fluctuating torque and SRLS models 
both involve nonlinear couplings. Lastly, we believe, 
it offers the appeal of a direct approach to the stochastic 
modeling such that the physical assumptions being made 
are quite transparent. 

In Sec. II we illustrate our method for stochastic mod­
eling by considering the simple example of a planar ro­
tator experiencing fluctuating torques, and we obtain 
augmented Fokker-Planck equations, which reduce to 
the regular Fokker-Planck equations in the proper lim­
its. Simple procedures for generating generalized 
Smoluchowski forms for the planar rotator models of 
Sec. II are given in Sec. III. Stochastic models for 
SRLS in the planar rotator case are discussed in Sec. 
IV, and they are contrasted with the models of Sec. II. 
The augmented Langevin equations associated with the 
models of the previous sections appear in Sec. V, where 
they are compared with the GLE approach. The analo­
gous models for three-dimensional rotational diffusion 
are developed and discussed in Sec. VI. Further dis­
cussion appears in Sec. VII, while a summary and con­
clusions is given in Sec. VIII. The general method is 
outlined in Appendix A. 

II. THE METHOD: THE PLANAR ROTATOR AND 
FLUCTUATING TORQUES 
A. The planar rotator 

We illustrate the methodology with the simple example 
of a planar rotator. 11 •12 The equation of motion is for 
this case 
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(2. 1) 

where y is the angle the rotator makes with the labora­
tory frame and y is the corresponding angular velocity, 
while I is the moment of inertia and T(y, y, t) is the (ran­
dom) torque on the rotator, which may be a function of 
y and y. 

In classical Brownian motion theory, one employs the 
Langevin equation, which is obtained from Eq. (2.1) by 
letting 

T(y, Y, t) =l[- f3y + R(t)] + N(y) ' (2. 2) 

i.e., a separation of the fluctuating torques into the sys­
tematic or frictional part with friction coefficient f3 and 
the random part R(t) with the further requirements that 
it be characterized as a Gaussian random process with 
white noise such that 

(R(t)) = 0 (2. 3a) 

and 

(R(t)R(t')) = (kT/I)f3o(t - t') . (2.3b) 

We have also included in Eq. {2. 2) a time-independent 
or mean torque N(y). If the correlation function of the 
random torques, Eq. (2. 3b) has a finite relaxation, then 
we may redefine this "fluctuation-dissipation" theorem 
to be 

$ ( T) = (I/kT)(R(t)R(t + T)> , (2. 4) 

and Eq. (2.2) becomes13•14 

with a time-dependent friction coefficient ~ (t - r). 

B. Stochastic-Liouville approach 

We do not wish in this work to make the arbitrary 
separation of Eq. (2. 5), which is called a generalized 
Langevin equation (GLE). 13 •14 It is only one of several 
possible ways of expressing one's physical intuition of 
the nature of the problem. 15 Instead we pass from the 
equation of motion Eq. (2.1) directly to the associated 
''Liouville equation, " which is nothing more than an 
equation of continuity for the joint probability distribu­
tion in y and y, given by P(y, y, !). That is, 

a ( • ( • a _1 ( • a ) ( • 
at P Y, y, t) = - y ay -I T y, y, t) ay P y, y, t) . (2. 6) 

We now let 

T(y, Y, t) = T'(y, Y, E(t)) + N(y) (2. 7) 

and assume that the fluctuating part of the torque, T'(y, 
y, E(t)), is a function of the random bath variabies E(t) 
which obey some stochastic law. Thus Eq. (2. 6) is ap­
propriately a "stochastic Liouville equation. "16- 19 We 
are free to choose the stochastic law in keeping with our 
physical intuition, although the most convenient type is 
that of a stationary Markov process. We may express 
the stationary Markov properties of the E by the master 
equation 

(2. 8) 

where r x is the appropriate time -dependent Markovian 
operator for the distribution functionf(E, t). The pro­
cess we have outlined may be called "stochastification" 
following van Kampen. 18 

Let us consider the relevant bath variables E to be n 
dimensional. It then immediately follows that the col­
lective set of variables y, y, and 2 are together an n + 2 
dimensional Markov process. 12 • 11-.19 [The torque itself 
is by Eq. (2. 7) no longer an independent variable.] The 
associated probability density P(y, y, E, t) varies in time 
due to the "reversible drift" or dynamical terms, [e.g. , 
the y(a/ay) +r1N(y)(a/ay) terms in Eq. (2. 6)] as well as 
the "irreversible" term(s) introduced by Eq. (2. 8). 
That is, Eqs. (2. 6)-(2. 8) together yield (cf. Refs. 12, 
17-19) 

a ( • - ) atPy,y,.::.,t 

( • a -1( ( ) '( , - l a ) ( • -= -Yay -1 NY +T y,y,.::.,t) ay -rx Py,y,.::.,t) 

= - r(y, -;,, E)P(y, Y, E, t) . (2. 9) 

We note that Eq. (2. 9) is of the form of a Fokker-Planck 
equation. It is developed for the general case in Ap­
pendix A. 

Let us now for the sake of clarity choose a particular 
form for r;;:. We choose it so as to be consistent -with 
the usual properties assumed for the fluctuating torques 
in Brownian motion theory [e.g., Eqs. (2.1)-(2. 5)]. 
That is, let us assume for simplicity that 

T' =l Vf(y) ./¥-, (2. 9') 

such that its amplitude V(t) is characterized by a sta­
tionary and Gaussian random process with zero mean; 
then together with its Markovian property we have an 
Ornstein-Uhlenbeck process, 20 for which we can im­
mediately write 

-1 ( a 2 a2 ) 
r:a:=rv=-Tv avV+Vo~ ' (2.10) 

where V0 is the root mean square torque amplitude and 
r;,1 is the damping coefficient for V(t). The equilibrium 
distribution associated with Eq. (2.10) is20 

Po{V)=(21rViif112 exp(-V2/2Vii). (2.11) 

The angular function/(y) is taken to have a simple pe­
riodic form. Finally, we are neglecting any dependence 
of T'(t) upon y as would be characteristic of simple 
torques derivable from potentials, 6 despite its apparent 
contradiction of Eqs. (2. 2) and (2. 5) above. We return 
to this point later. 

The fundamental assumption needed to obtain Eq. (2. 9) 
is that the reaction of the rotator on the bath may be 
ignored. 12 •17 This is a fundamental flaw of the method 
as emphasized by Kubo, 17 since it does not guarantee 
relaxation to thermal equilibrium, i.e., it violates de­
tailed balance. In particular, y will not relax to its 
Boltzmann distribution at temperature T, but to infinite 
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temperature. In order to correct this problem we must 
recognize that the back reaction of the rotator on the 
bath (via the fluctuating torques) must necessarily mod­
ify the dynamics of the problem, either by affecting the 
reversible drift terms and/or the irreversible Marko­
vian operator r z in Eq. (2. 9). There are no other 
choices. Thus, we regard Eq. (2. 9) as incomplete, and 
we inquire into the general constraints which a complete 
expression like Eq. (2. 9) must fulfill if it is to obey de­
tailed balance. 

C. Detailed balance and the augmented Fokker-Planck 
equation 

Haken21 has expressed the consequences of detailed 
balance upon Fokker-Planck equations in a form that is 
particularly useful for our present applications. We il­
lustrate for the specific forms of Eqs. (2. 9) and (2. 10). 
(The more general forms are given in Appendix A.) 

We first specify (based upon physical insight) the 
equilibrium distribution as 

Po{y,y, V)=Nexp[-<I>(y,y, V)], (2. 12) 

where N is the normalization constant and <I> is a "gen­
eralized thermodynamic potential. " Then we consider 
the variables y, y, V as a three-dimensional vector q 
such that it has components q1=Y, q2 =y, and q3=V. 
Then the three necessary and sufficient conditions for 
detailed balance are 

(1) All diffusion coefficients, K 1k [i.e., twice the co­
efficients of second derivative(s) in Eq. (2. 9) with 
(2. 10)] are symmetric.- Here subscripts i and k range 
from 1 to 3, so that K1k represents a second rank tensor 
in the three-dimensional space of variables q1, q2, q3 . 

This condition is trivially obeyed in Eq. (2. 10) where 
K33 = 2T;1v~ plays the role of the coefficient of diffusion 
of variable V. 

(2) The irreversible drift coefficients D1 [i.e., the 
coefficients of the first derivative(s) in Eq. (2.10) as­
sociated with the irreversible "diffusive" process] obey 

(2. 13) 

. For i = 1 or 2 all terms vanish and Eq. (2 .13) is trivially 
satisfied. For i = 3 we have 

-iv -1v2 a<I> 
-Ty =-Ty Dav 

since D3 = - T~lv. 

If, following Eq. (2.11), we write 

Po(y, y, V) =Nexp[-$(y,y) - V2/2Vii], 

(2.13') 

(2.12') 

where j(y, y) is independent of V, then it immediately 
follows that Eq. (2.13') is obeyed. 

(3) The reversible drift coefficients J 1 [i.e., the co­
efficients of the first derivatives in Eq. (2. 9)] obey, 
using Eq. (2.9'), 

(2. 14) 

HereJ1 =y, J 2=F1N(y)+Vf(y),/kT/I, andJ3 =0. 

To test Eq. (2.14) we must assume a particular form 
of j(y,y) which appears in Eq. (2.13'). In particular, 
we would expect y to be characterized by a simple Boltz­
mann velocity distribution at equilibrium and y by the 
corresponding Boltzmann distribution in the potential 
field U(y) which is related to the torque by 

Also, 

T'(y,t)=-!U'(y)=-IV!g(y)/¥-, 

wheref(y)= -(d/dy}g(y). That is, we have 

.P(y,y)=ly2/2kT+ UN(y)/kT. 

(2.15a) 

(2. 15b) 

(2. 16) 

When we now consider each set of terms '111 for i = 1, 
2, and 3 in Eq. (2.14) separately, we find that '111 
=yN(y)/kT, '11 2 = -yN(y)/kT-yVf(y).JI/kT, and IJ! 3 =0, 
so that '11 1 + '11 2 + >v 3 = -yVf(y)./I/kT. Thus Eq. (2.14) is 
not obeyed! It is clear that one or more of the J 1 must 
be modified in order that detailed balance be satisfied. 
Since we note that it is the stochastic properties of V 
which are to be modeled, and in particular we are look­
ing for the correction to Eqs. (2. 9) [with Eqs. (2.10) 
and (2.11)] due to the reaction of the rotator on the bath 
variable V, it seems most reasonable to correct Eq. 
(2. 9) to be in accord with Eq. (2.14) by allowing J 3 '1'0. 
Thus we have 

a V fl ( ). 
avJs--vfs=JkTVfyy. 

This expression is most simply satisfied by letting J 3 
= - ✓-UlkTTViif(y)y (so that it is independent of the vari­
able V). Thus, Eqs. (2. 9)-(2.11} become with this cor­
rection the augmented fokker-Planck equation (AFPE): 

ap(y,y, V)/at=-r(y,y, V)P(y,y, V), 

where 

(2. 17a) 

2 /T ( • a •1 ( a 2 a2 
) 

- Vo.Jiif y)y av -Ty av v + Vo aV2 • 

(2.17b) 

It may readily be verified that Eq. (2.12') with Eq. 
(2. 16) is a stationary solution to Eq. (2.17). 

D. The Fokker-Planck limit 

The final requirement we place upon the AFPE, Eq. 
(2.17), is that it reduce to the correct FP equation in y 
and y in the limit of very rapidly relaxing torques. [In 
fact, it was this requirement that was sufficient for 
HMHF to infer an AFPE similar to, but somewhat sim­
pler than, Eq. (2.17) (see below) without explicitly in­
voking detailed balance.] To show that it does, it is 
first convenient to convert r(y, y, V) to symmetric form 
by the similarity transformation22•23: 

I'(y,y, V)=.Po112r(y,y, V)Pt'2 , (2.18) 
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with Po(-y,y, V) given by Eq. (2.13) with Eq. (2.16). 

We obtain 

- ( • . a .1 a (ilT a 
r Y, Y, V) =Y ay +I N(y) ay + ✓ T Vf(y) ay 

2 /I ( ) • a _if 2 a2 v2 1) 
-VoJk'fjy y av -Ty \Voavz - 4V5 + 2 ' 

(2. 19) 

We now convert Eq. (2. 19) to simpler form by first 
introducing dimensionless variables: y* = ay, V* = a V, 

Vt=aVo, v*=V*/v'2Vij, N*=a 21"1N; T:=a" 1Tv with a 
= .JTnPf and then introducing the notation 

m. = (y* + ai*) ' 
m. = (v* + a!*) , 

so that Eq. (2.19) becomes 

af'(y, y, V) = ½(m.. +m._) :y + ½N*(y)(m._ - ;n.) 

(2. 20a) 

(2.20b) 

+ ½v6J(y)(m_'Jlt.- ;n.;m:.) + tr;·1~n.,:m_ . (2. 21) 

The convenience of this notation becomes apparent 
when we introduce1•11• the Hermite functions (i.e., 
eigenfunctions of the one-dimensional quantum-mechani­
cal harmonic oscillator) as 

ln)=h.(y*)=[1r1122"n!}"112 exp(- Y;2)H.(y*), (2.22a) 

\ m) = hm(v*) = [1r1122"n ! ]" 112 exp (- v;)Hm(v*), (2. 22b) 

where Hn(y*) and Hm(v*) are the Hermite polynomials, 
and we recognize that 

m.jn)=v'2(n+l) ln+l), 

m_ jn)=ffn In -1) 

(2. 23a) 

(2. 23b) 

are the raising and lowering operatures on In) with 
similar expressions for sn:.1 m). 

The limit of rapidly relaxing torques corresponds to 

(2. 24) 

for which simple perturbation theory may be used in Eq. 
(2. 21) for the drift term in v6 compared to the diffusion 
term in Tf1 . To perform this, we define the "reduced" 
diffusion equation 

ap(y,y,t)=( =OlaP(y,y,V,t)I =0) 
at m at m 

= -(0 I r(y, .;,, V)P(r, .;,, v, t) Io), (2. 25) 

which is the average over the equilibrium distribution in 
the fluctuating torque, V, since 

(2. 26) 

[cf. Eq. (2.11)). It is more convenient to Laplace trans­
form Eq. (2. 25) and perform the perturbation theory by 

means of a resolvent expansion12•24 or more rigorously 
by a total time ordered cumulant (TTOC) expansion. 24 

That is, we let 

.P(y,y,s)=(O\.P(y,y, V,s)\O) 

=(0\~\0)P(y,y,0), 
s+r 

(2.27a) 

where P(y, y, 0) is an arbitrary initial value. 12 Then we 
may write for the resolvent expansion 

where 

and 

(2.27b) 

(2. 28a) 

(2. 28b) 

(2.28c) 

Even in the limit T;-
1 - oo, there is a lowest order con­

tribution in V*Tt° 1 coming from each term in the infinite 
series expansion of Eq. (2. 27). While it is not difficult 
to sum this series, we instead introduce the TTOC ex­
pansion for which it is no longer necessary. That is we 
replace Eq. (2. 27) by24 

-( • ) 1 ( • 
Py,y,s = _ S( )Py,y,t=0) 

s + ro - s 

(2.29a) 

where 

(2. 29b) 

and 

(2. 30) 

The prime on the second summation on the rhs of Eq. 
(2. 29b) restricts the summations over the set of Im) to 
exclude the equilibrium ket Im)= I 0). Thus, to lowest 
order inf 1 (i.e., second order) we obtain 

S(s) = - ½v3J2(y)m..[ -
1 

} m._ 
S +ro+TyJ 

(2. 31) 

The simple Brownian motion limit is - {3:n.'J!../2. This is 
easily recovered if j 2(y) = 1 ignoring any orientation de­
pendence of the torques and letting ,8= viTv, These re­
sults for j 2(y) = 1 are essentially equivalent to the form 
given by HMHF, although they explicitly consider matrix 
elements in the complete space spanned by the basis 
lr)lm)ln), where lr)=(l/v'21r)e1rr. If, however, we 
were to adopt a simple y-dependent form for f(y), e.g., 
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f(y) = sin2y = (1/2i)(em + e•m), thenj2(y) = - [¼(e41 r 
+ e·41r) + ½ ], and this does not rigorously reduce to the 
simple Brownian limit. 

This problem may be removed by letting f(y) = f(y - cp), 
where cp is another stochastic variable characterizing 
the torque. This leads to a physically sounder model, 
e.g., for f(y) = sin2y the torque goes to zero whenever 
y = O; but for f(y) = sin2{y - rp) with rp randomly fluctuat­
ing over the range O to 211, then the torque on the rotator 
becomes truly random. If we assume an isotropic dif­
fusion in cp, then we may replace Eq. (2 .17b) by the 
four-dimensional Markov process: 

r(y, Y, V, cp) =Y :y +r1N(y) :y + n Vf(y - cp) :y 

2 /If( )" a -1 /, 2 a2 + a ) -1 a2 
-VoJkf Y-'PYav-rv\Vo"iiv! avv -r,pacp2· 

(2. 32) 

It is easy to show that Eq. (2. 32) obeys the conditions 
for detailed balance that are outlined above. Further -
more, by redefining Eq. (2. 25) to involve an average 
over the equilibrium distribution in Vf(y - cp), i.e., 
lm=0)lp=0), where IP)=(l/v'fi)i"<P, and carrying 
out the approach of Eqs. (2. 27)-(2. 31), we obtain in­
stead of Eq. (2. 31) for f(y)°= sinr(y - cp) with rt O the 
result 

S{s) = -½vi(r;1 + r2r:1r 1m.;n_/2 

in the limit that r;1, r:1 
- o0 so that 

l:J = ½ V~( T~! + r2r·,ptrt ' 

(2.33) 

(2. 34) 

which is again consistent with a classical Brownian mo­
tion result. 

E. Other examples 

1. Diffusion in I{) only 

There is still another variation which can yield area­
sonable model for the one-dimensional rotator. One 
may let V be constant, while only cp is the Markov vari­
able [so Eq. (2.11) is replaced by r ,p=-r:1(a2/a<p2)]. 
It would then not be sensible to allow J 3 t0 in Eq. (2.14). 
Instead, we let J 4 * 0, i.e., a reversible drift term re.:. 
lated to the fluctuations in cp. One has from Eq. (2.14) 
that [<I>=4>{y,y)] 

BJ {I . BJ 
a<P4 = ✓kfvf(Y-<P)Y=- a/. 

This immediately yields upon integration 

J4 = I{; V g{y - cp)y = [ U~(y - cp)/kT]y , 

so that Eq. (2.1 Th) would become 

( . .a 1 a (k'f a 
ry,y,cp)=yay +r N(y)a-;, +JTVf(y-cp)a-;, 

. /I a [ ,.1 ) ] _1 a2 

+YJkfVacp g\Y-<P ~ -T,paq}" 

(2. 35a) 

(2. 35b) 

(2. 36) 

In this form we require that f(y - cp) and g{y - cp) are ex­
pandable in Fourier series, such that there is no com-

ponent that is constant [i.e., independent of (y - cp) ]. 
Any constant component of U~(y - cp) is thus incorporated 
into UN(y). It is easy to verify that Eq. (2.36) obeys the 
conditions for detailed balance with respect to <I> = <$ as 
given by Eq. (2.16). We now show that in the limit that 
r·}- 00 , the classical Brownian motion result is obtained. 
To do this we let g{y - cp) = (1/r) cosr(y - cp), so thatf(y 
- cp) = sinr{y - cp). We now symmetrize Eq. (2. 33) by 
means of Eqs. (2. 18) and (2.16) for <I> to obtain 

. . a _1 a V r ( a 
f'(y,y,cp)=Yay +I N(y)ay + ✓2 l(Y-<P)ay* 

+ {2g{y - cp) aacp + f(y - cp) }y•] -r·,pt aa;2 . 

(2. 37) 

We then consider the matrix element of the terms in V: 

-1,r(a r+2p.*)" ] -e ~ + -r-y VP',/>+r ' (2. 38) 

which for p = 0 becomes 

i V"" [ lrrs; •irYs; ] - 2ff VL._ € Up',-r-e Vp',rP~O (2. 39a) 

and for p' = 0 becomes 

i Vm [ lrYO ·lrr5 ] + 2J2 + e />,r - e l>,·r P' =O • (2. 39b) 

Then the analogue of Eq. (2. 31) becomes 

S(s)=-¼v2m.[ _ 
1 

2 _iJ~----:i--1rn.m_/2, 
s+r0 +rr,p ,,p-~ (

2
_
40

) 

with 

{3 = V 2r ,p/2r2 , (2. 40') 

which is again the simple Brownian Fokker-Planck 
limit but with a redefined {3. 

Thus we see there are several relatively simple forms 
for an AFPE for the planar rotator which obey detailed 
balance and also reduce to the classical FP equation in 
the proper limit. 

2. Jump models 

Our previous examples have all been for cases in 
which the Markov operator, Eq. (2. 8), is that of a sim­
ple Fokker-Planck operator [e.g., Eq. (2. lO)r. It is 
readily possible to generalize the method to cases where 
the Fokker-Planck operator includes higher derivatives 
as pointed out in Appendix A. Perhaps more interesting 
are stationary Markov operators in integral form, such 
as those which arise from master equation or Boltzmann 
equation approaches. 25 While it is in general possible 
to convert such integral forms to higher order differen­
tial forms by a Kramers -Moyal expansion, 25 it is rather 
easy in some cases to deal directly with the time-inde-
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pendent transition or jump probabilities to guarantee 
that they obey detailed balance. This is especially true 
for the present examples where r v and r IP were not mod­
ified by the back reaction of the rotator. Various jump 
models have been employed in orientation space, 26•27 as 
well as in angular momentum space. 11a,1lb, 28 •29 By sim­
ple analogies to the "forms" of those expressions we 
may, for example, write 

(2. 41) 

to replace Eq. (2. 10) for the "extended diffusion" case 
in which collisions at the rate r-;,1 completely randomize 
V [cf. Eq. (14) of Ref. 10 for the analogous model for 
y ]. For jump models in the variable cp, we can replace 
the operator r IP= - r~1(a 2/acp2

) by 

r .,!P)=r~1p 2[1 +(r/r,,)p2]· 1 jp), (2.42) 

where T; is the mean time between jumps and ( T /TIP) is 
proportional to the size of the mean jump angle. 26• 27 In 
the limit r/r IP- 0 (i.e., jumps of infinitesimal angle) 
we recover our previous results for simple diffusion 
in cp. 

The main point is that our method for generating the 
AFPE has yielded the additional reversible drift terms 
needed for detailed balance, and we are rather free to 
modify the stationary-Markov operators r v and r IP con­
sistent with the Gaussian equilibrium distribution in y. 

Ill. GENERALIZED SMOLUCHOWSKI FORMS FOR 
THE PLANAR ROTATOR 

We now consider another limit which is of interest in 
the experimental studies of Freed and co-workers. 1- 5,s 
This is the limit for which inertial terms are unimpor­
tant (e.g., a coarse graining in time). We first consider 
the Markov operator Eq. (2. 32) in its symmetrized form 
[cf. Eq. (2.21)]: 

af'(y, y, V, cp)= ½(;Jl+ +;J1_) :, + ½N*(y)(;J1_ -;Jl.) 

+ ½vtf(, - cp)(;Jl_m. - ;)l+mJ + ht· 1m+m_ 

a2 /3' 
-T:·1 8cp2 +a2;)1+;)1•' (3. 1) 

where we have added a simple frictional term in /3 1
, 

which we assume arises from some fast torque mode, 
the averaging over which has already been performed in 
accordance with the previous section. We now wish to 
perform perturbation theory with respect to the terms 
off diagonal in the basis of Eq. (2. 22a). For this pur­
pose, we can develop a scheme analogous to that of Eqs. 
(2. 25)-(2. 30) where we replace Im)- In) and redefine 

a f' 1 = ½(;J1. + ;J1_) :, + ½N *( y )(;J1_ - ;J1.) 

+ ½Vdf(y - cp)(;J1_3U. -;Jl+3UJ 

and replace a f v by 

(3. 2a) 

(3. 2b) 

(3. 2c) 

We then obtain 

P(y, V,cp,s)=(n=OIP(y,y, V,cp,s)ln=O) 

1 
- S( /(,, V, cp, t=0) 

s+r0 - s 

1 
_( P(y,V,-cp,0), 

s + r Y, V, cp, s) 

where 

and 

(3. 3) 

(3. 4a) 

(3. 4b) 

For simplicity we consider the two cases (1) f O = 0 and 
V 0= 0 corresponding to an ordinary FP equation, and (2) 
N(y)=0. 

(1) Here 

R' (a 2 BN 1 N2 
) 

S(s) = 1 + s//3' \a,2 - ay 2kT - (2kT)2 + H.O. T. 

where 

R' =kT/I/3', (3. 5) 

which for s//3 1 « 1 yields the ordinary Smoluchowski 
equation for this model, just as one expects. The ne­
glect of higher-order terms merely requires I f 1 I/ /3' 
« 1. 

a 
xJ(y - cp)3U_ + Vtf(y - rp)3U+(s +to+ /3')" 1 a, 

- v62f(y - rp)m+(s + f O + f3'r 1f(y - rp)m.) + H. o. T. 

(3. 6) 

[Note that in Eq. (3. 6) the two terms in Vt are trans­
poses of each other as required for f(,, V, rp, s) to be 
symmetrized. ] This is a more complex form; the con­
dition for neglecting the higher order terms here is 
I f 1 I/ I f O + {3 1 I « 1. This condition is satisfied in a sim­
ple fashion if V0 « {3 1

• Let us suppose that {3 1 
- 00 , so 

that 

a2 
{kT v (a a) lim S(s) =R' a2 - ✓ 2113

,0 

8 f(y - rp)3U_ -f(y - rp)3U+8 
B'•oo Y f f 

(3. 7a) 

and 

f'(y, V, rp) 3" f' 0 - lim S(s) . (3. 7b) 
B' ... ,x, 

We now assume that 

which is satisfied if ✓kT/I « V 0, so it is possible to use 
second-order TTOC perturbation theory to determine 
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.P(y, s) ea (m = 0; p =0\..P(y, V, cp, s) \ m =0;p=0) 

1 
_( P(y, t::=O). 

s+rr,s) 
::= (3. 8) 

We assume, for simplicity, that f(y - cp) = 1. Then we 
may perform the perturbation theory by letting 

(3. 9a) 

(3. 9b) 

(3. 9c) 

so that 

D( R'vi a ( - ~-1)-1 a uS)=-
13

, -s+ro+Ty -;;-
oy uy 

(3. 10a) 

and 

- - 'I v2r ) a2 r(y,s),=T0 -S(s)--R \1+ ;,v ay2 • (3. 10b) 

In order that the second term in Eq. (3. l0b) be compar­
able to the first term, we require 

(VV/3')9-v~l, 

which is possible if V~T v 2: /3'. This clearly violates our 
initial premise that all of the fast torque modes have 
been incorporated into /3'. Thus for ✓kT/I « V0 « /3 1

, 

7~1, S « [3' and f(y - cp) = 1 the second case is also seen to 
reduce to an ordinary Smoluchowski equation and no 
breakdown of Hubbard-Einstein relation between R and 
f3 (Le. , R = kT /I {3) is expected. Yet the (noninertial) 
breakdown of Hubbard-Einstein relations is actually 
quite common in magnetic resonance experiments. 30 In 
terms of our stochastic modeling it appears that the re­
striction thatf(y - cp) == 1 must be lifted and/or some of 
the perturbative limiting inequalities are not being met. 31 

An alternative explanation for this breakdown could lie 
in SRLS models, which are discussed in the next section. 

IV. MODELS OF SLOWLY RELAXING LOCAL 
STRUCTURE (SRLS) 

We now wish to consider a variation of the model in 
which the fluctuating torque is characterized by a con­
stant magnitude V while only cp is the Markov variable 
[cf. Sec. II, Eq. (2.36)]. In that model, relaxation was 
taken as tending to the uniform distribution in the angle 
cp [cf. Eq. (2.16)]. Instead, we now require that relaxa­
tion is toward the instantaneous value of the potential 
energy [cf. Eq. (2.15b)] U~(y - <p) so that the "thermo­
dynamic potential" becomes 

(4. 1) 

[We are letting N(y) = 0 for simplicity.] We are again 
led to Eq. (2. 9) with Eq. (2. 9') as our incomplete 
AFPE, where 

a2 
I':,i=I' ~=-7~1;--:;:r 

0(/J 
(4. 2) 

as in the earlier case. However, with <Ii given by Eq. 
(4. 1), Eq. (2.14) is satisfied, i.e., the reversible drift 
coefficients are "complete, " but Eq. (2. 13) is not ful­
filled, so the irreversible drift coefficients are incom­
plete. In particular, Eq. (2.13) becomes (q 4 c:= cp) 

D4 = -½K44 (o<Ii/o<p) = - 7",;T'(y - cp)/kT . (4. 3) 

Thus D4 cannot be zero, and Eq. (4. 2) must be modified 
according to Eq. (4. 3). The complete AFPE thus is 

( 
• o a 1 '( a 

r y. y, <P) = y ay + r T y - <P) ay 

_ T.1 /.!:__ + ~ T'(y - <f})) , 
~ \flcp2 arp kT 

(4. 4) 

and we can rewrite the torque T'(y - rp) according to Eq. 
(2.15b). Equation (4.4) may be symmetrized to 

-( • • a 1 , a r Y,Y, <p)=Y /ly +r T (y -<f}) ay 

-1 I~ + _1_ (aT'(y - cp))- [T'(y - cp) ]
2
] 

-T• [acp2 2kT 'i'Jcp (2kT)2 ' 

(4. 5) 

or alternatively in operator notation when we add the ef­
fects of a rapidly relaxing torque mode providing damp­
ing coefficient {3 1

, we have 

X -+ Y-<P -[T*(y-cp)]2 +-;R;R ~ a
2 oT*( ) ) a/3' 

'i'Jcp2 0(/J 2 •• , 
(4. 6) 

where T*(y - cp) es cl T'(y - cp)/I. 

Suppose we now consider the limit I T*(y - cp) I T! « 1 
so that perturbation theory may be used to average over 
the equilibrium distribution in </J. We see, however, 
from the terms in 7!-1 in Eq. (4. 6) [as well as from Eq. 
(4.1)], that the equilibrium distribution in </J depends 
upon the value of y. We defer analysis of this limit, but 
consider the Smoluchowski limit when I T*(y - rp)I /a{3' 
« 1. Our usual analysis gives, as [3' - oo, the result 

_ ( ) , [a
2 

1 /a '( )~ [ T'(y - rp) FJ 
r y - </J == - R ay2 - 2kT \ay T y - <P ~ - {2kT)2 

-1 f 82 
+ 1 / a '( )) [T'(y - cp))

2
] 

-T • Lacp2 2kT \ocp T y - <P - (2kT)2 • 

(4. 7) 

We may compare Eq. (4. 7) with the result of Eq. (3. 7) 
by rewriting T'(y - cp) =lVf(y)✓kT/I according to Eq. 
(2.15b). We see that there are very marked differences. 
In Eq. (4. 7) we get a simple sum of two ordinary Smolu­
chowski equations, one for the rotator reorienting with 
diffusion coefficient R' relative to the orienting potential 
U'(y - cp), and the other for the torque (or local "direc­
tor") reorienting with diffusion coefficient R., 2 7~

1 also 
trying to minimize the potential U'(y - cp). 

More generally, the systematic or reversible back­
reaction term of the rotator on the torque in the model 
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of Eq. (2.21) or Eq. (3.1) or Eq. (2.36) leads to a fric­
tional contribution, while in the present case the irre -
versible drift term in Eq. (4. 6) merely supplies an in­
stantaneous restoring potential to the rotator, and it does 
not supply a frictional term. This is most easily seen 
by considering the limit in Eq. (4. 5) of r~1

- oo and very 
large I 1' 1 I . (Alternatively one may examine the ALE 
of Sec. V.) This means that the torque rapidly reorients 
to minimize the potential U'(y - cp) at the instantaneous 
value of y, so the torque itself must rapidly go to zero. 
For example, let U'(y - cp) ex: g(y - cp) = (1/r) cosr(y - cp) 
so T'(y - cp) a: f(y - cp) = sinr(y - cp), then the torque acts 
to bring cp =y for which f(y - cp) = 0. On the other hand, 
the model of Eq. (2. 36) has the property that the torque 
relaxes to a uniform distribution in cp, while the revers­
ible or "back-reaction" term of the rotator acting on the 
torque does not go to zero. A more quantitative analy­
sis of the behavior of Eq. (4. 5) [or (4. 6)] in this limit of 
very fast torque relaxation may be developed by a 
"Born-Oppenheimer" -type of approximation analogous 
to that given previously, 7a wherein the probability dis­
tribution for cp is first solved for fixed y (and y) {i.e., 
one solves for the eigenstates of rr(cp)=r·}[& 2/acp2 +(a/ 
acp)(T'/kT)]}, and then the distribution in y (and y) is 
solved in the "effective potential" for each eigenstate of 
ry(cp). [The actual application in Ref. 7(a) corresponds 
to the reverse case of r~1 - 0 and a rapidly relaxing ro­
tator. J 

We now consider more specifically the physical im­
plications of Eq. (4. 7) itself. In the limit r~1 »R', the 
torque itself relaxes rapidly, so the rotator no longer 
feels the torque as it reorients; i.e., by comparing 
terms we see that 

ra2 1 (a , ) [T'(y-cp)]2] 
x Lacp2 + 2kT acp T (y - cp) - (2kT)2 • (4. 8a) 

This would correspond to the limit of a Brownian rota­
tor, for which the "local structure" rapidly adjusts to 
any motion of the Brownian particle, which is simply 
governed by its diffusion coefficient k'. In the other 
limit we get 

,
1
tR•-o [a2 1 ( a ~ 

t(y - cp) "' -R' ay2 + 2kT acp T'(y - cp); 

[T'(y-cp))2] .1a2 
- (2kT) 2 -

7
" acp2 • 

( 4. 8b) 

In this limit the rotator relaxes much faster than the 
"local structure." Thus it must relax in the potential 
resulting from the instantaneous local structure, which 
itself relaxes on a much slower time scale. Equation 
(4. 8b) is, in fact, the slowly relaxing local .structure 
model of Polnaszek and Freed2• 4• 7a (more precisely, a 
one-dimensional version of it) which was originally de­
veloped by ignoring any back reaction on the local struc -
ture such as appears in Eq. (4. 7). We now have shown 
that this is indeed a sound approach in the physically in­
teresting limit R 'r,, » 1. 

One may also develop a SRLS model in which both the 
magnitude and orientation of the potential due to the lo­
cal structure are fluctuating. We still require Eq. (4.1) 
to hold; then we find for the AFPE that generalizes 
Eq. (4. 4) 

r(y,y, v, cp)=r(y,r, cp) 

(4. 9) 

where r(y, y, cp) is given by Eq. (4. 4), and we may ab­
sorb coefficients by letting 2Kv = r~,.1v~, since V0 no 
longer has any special significance. The diffusion in V 

is seen to be more complex, since it is now dependent 
upon g(y - cp). But this form does not constrain fluctua­
tions in V very much when g(y - cp) is small. It may 
perhaps be worthwhile to include the constraint that V 

fluctuate about zero with a Gaussian distribution inde­
pendent of g(y - cp). Thus, if we replace Eq. (4.1) by 

<l>(y,y, cp)=l?/2kT+ U~(y-cp)/llT+ V2/2V~. (4.10) 

Equation (4. 10) is modified by the addition of the term 
-r-;.1(a/aV)V on the right. Except for the somewhat un­
usual form of <I> in Eq. (4.10), the physical features of 
the model seem reasonable. 

Just as was done in Sec. IIE for fluctuating torque 
models, we can introduce jumps in the local structure, 
except that in the present case they must be weighted as 
required for detailed balance according to Eq. (4.1) (cf. 
Ref. 22 for analogous models in orientation space). We 
anticipate that the Ivanov-type jump models26•

27 can be 
developed more soundly in terms of such models of a 
"jumping local structure. " 

V. AUGMENTED LANGEVIN EQUATIONS (ALE) 

Once we have obtained the AFPE, it is then possible 
to relate it back to the associated Langevin equations, 21 

which we refer to as augmented Langevin equations 
(ALE). They can provide some additional insight into 
the physical nature of the models. Thus, following the 
outline of Appendix A we have 

(1) Rotator with fluctuations in V and cp [cf. Eq. 
(2. 32) ]. For this case we obtain 

(.),(,(I)' 

~F~1 ~ ,,(t) 
(5. 1) 

where ~v(t) and ~ .,(t) are independent Gaussian random 
functions such that 

(~;(t))=0 i=Vor cp, 

(~;(t+r)~it))=li1/i(r) i,j=Vand/or cp. 

(5. 2a) 

(5. 2b) 

Thus the ~1{t) have units of v'time·1 . The ALE for y is 
trivial as usual; that for y is simply in terms of the 
torques, as it should be [cf. Eq. (2.1)], while that for 
V has a simple damping term in r~.1v (resulting from re­
laxation to a Gaussian distribution in V) as well as a 
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term resulting from a coupling toy, i.e., the reaction 
of the rotator on the bath. These ALE automatically 
obey fluctuation-dissipation by virtue of Eqs. (5.2). 
This is to be expected, since fluctuation dissipation is 
derivable from the condition of detailed balance. Thus 
we see that all aspects of this model are physically quite 
reasonable from the point of view of the ALE as well as 
the AFPE. [Note that, had we modified either J 1 or J 2 
in Eq. (2.14} to "complete" the AFPE, then physically 
unreasonable ALE would have been obtained. ] 

(2) Rotator with fluctuations only in rp [ cf. Eq. 
(2. 36)]: 

i._ (:) = ( JkT1l :f(y - rp)) + ( : ) (5. 3) 

dt rp ✓I/kT Vg(y - rp}y 5-~t~ ~(t) 

with~ /t) again obeying Eqs. (5. 2). The new term in 
the ALE for rp represents the back reaction of the rota­
tor on the bath which is necessary for a frictional effect. 

(3) Rotator with relaxing structure [ cf. Eq. ( 4. 4) ]. 
We obtain 

(5. 4) 

Here the new term in the ALE for rp does not couple its 
motion back toy, as needed for frictional effects. In­
stead, there is only the damping term associated with 
relaxation of rp to the nonuniform distribution, U'(y - rp) 
[ which is analogous to the r•iv term in Eq. (5.1) ]. 

We now wish to show that it is possible to obtain a 
GLE [cf. Eq. (2.1) with Eq. (2. 5)] from the ALE only 
for the first example [Eq. (5.1)] and provided thatf(y 
- rp) = 1. To demonstrate this we note that from Eq. 
(5. 1) 

and 

(5. 5) 

V(t) = V(O) e•t'Tv - vi {I ft e•<t•T>ITvjfr(r) - rp(r)] 
✓k'i 0 

xy(r)dr +F·/J
1 

e·(t-T>ITv~v(r)dr, (5.6) 
0 

so that 

:/Y =r1N(y) - Vii ft e" (t•T)ITv.tfr(t) - q,(t)] 
0 

xf[y(r} - q,(r)}y(r)dr +<R(t) , (5. 7) 

where 

<R(t) = j7ff-. v(0)f[y(t) - rp(t)] e•t!Tv 

+ }¥-rr·/~
1 

e•(t-T)/Ty~v(r)dr. (5. 8) 

We note that only if f(y - cp) = 1 can the second term of 
Eq. (5. 7) be written in the GLE form13•14 

- ft K(t- r}y(r)dr, 
0 

where K(t - r) is a memory kernel. Then if <R(t) is as­
sociated with a random torque, Eq. (5. 7) is seen to re­
duce to the GLE, 

i_y=J"1N(y)-j
1
K(t-r)y(r)dr+<R(t), (5.9) 

dt o 

where 

K(t-r)=Viie-<t•T>ITv. (5.10) 

The exponential form for this memory kernel is a con­
sequence of the Ornstein-Uhlenbeck process assumed 
for V(t). Other stochastic models will yield other forms 
for the memory kernel. Thus the GLE is seen to re­
duce to a special case of the ALE. Clearly, by argu­
ments analogous to those presented above, neither Eqs. 
(5. 3) nor (5. 4) will reduce to GLE's. This emphasizes 
the generality of the present approach, and it provides 
new insight into the nature of the departure from simple 
Brownian theory which is described by GLE's. 

VI. THREE-DIMENSIONAL ROTATIONAL 
DIFFUSION: AFPE 

We now wish to generalize our approach to three­
dimensional rotational diffusion. Here we write the sto­
chastic-Liouville equation for a spherical top [i.e., we 
are neglecting the precessional term for simplicity, cf. 
Eq. (1. 1) ], 

ap(n, :~ V(t), t) = -r[n, w, V(t)]P(O, w, V(t), t) • 

r[n, w, V(t)] = iw. J + /¥-V(t) • V w +J "1N(n) 0 V w, 

(6. 1) 

where n represents the Euler angles between the top 
and a lab frame, w is the angular momentum, T'(t) 
=1" 1✓kT/IV(t) is the fluctuating torque, J is the rota­
tional operator for the spherical top, and V w is the gra­
dient operator on the angular velocity. We assume a 
simple Uhlenbeck-Ornstein process for V(t): 

(6. 2) 

where Vv is the gradient operator on V. Equation (6. 2) 
is consistent with relaxation of V to the equilibrium dis -
tribution: 

We shall require that our AFPE relax to 

Po(O,w, V)a:exp[- UN(O)/kT 

-I[w[ 2/2kT- [v[ 2/2v5], 

(6. 2 ') 

(6. 2") 

where N(O) = - iJ U N(n). Then, by analogy to Sec. II 
(in particular, Eq. (2.14)] we obtain for our AFPE 

aP(n, w, v, t) ( ) ( ) 
at = - r n, w, v P n, w, v, t , ( 6. 3a) 

r(O,w,V)=iW•J+ (kTV•Vw-Vii (Tw•Vv JT ✓ k'i 

+ f" 1N(n) • v w - r-;}(vv O V + v%vt) . (6. 3b) 
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It may readily be verified that Eq. (6. 3) relaxes to 
P 0(0, w, V) given by Eq. {6. 2"). We now transform to 
dimensionless variables, 

W*=W{I/'1JiT, 

and then define operators :n., 91l. by 

(6. 4a) 

(6. 4b) 

( 6. 5a) 

(6.5b) 

We also "symmetrize" r(O, w, V) by analogy to Eq. 
(2. 18) to obtain 

a f(o, w, V) = ½(:n. +!JI_) , J + ½N*{O)(:n_ - '1.) 

+ ½vt(91l. • :n_ -'lll_ ·!JI.)+ ½rr1'n. • !llt_ (6. 6) 

lcf. Eq. (2. 21) and related definition]. The natural 
basis for representing V is 

Ji1k1 P1) = Yi 1P/0v, q;0 )R~ 11/v) , (6. 7) 

where the Y11 p1(Bv, 'fv) are the spherical harmonics in the 
angles e v and <Pv referring to the orientation of V relative 
to the lab frame, and10,z~ 

ljk) = Rk,;(v) = Nik e-v212l/ L!i•!IZ>(1i) , (6. 8) 

where Nik= [2rr312kl /(j + ½ + k) ! ]112 and v = IV* I, and the 
L~i•tt2>(v2) are the associated Laguerre polynomials. 

We may also write for a basis for w 

lj2k2P2> = yi2P/ew, <Pw)Rkzi/w) (6. 9) 

with Rk212(w} defined as in Eq. ( 6. 8) and w = i w* i . 

Instead of the simple product representation lj1k 1p1) 

x lj2k2p2) = 1itP1j 2 P2) the coupled representation 
I Yitj 2JM) proves to be useful. Here y contains the quan­
tum numbers k1 and k2, J results from the vector cou­
pling of j I to j 2, and M = Pi + P2• 

In order that Eq. (6. 6) be a reasonable model, it 
must reduce to the Fokker-Planck equation for Viirt 
«1, i.e., 

r(o, w) = iW , J +I-1N{O) • V"' 

- ~ V w ' ( w + ~TV w) , 

or in symmetrized and operator form, 

a f'(o, w) = ½(:n. +:n_) • J 

(6.10a) 

+½N*(n) • ~- -:n.) + ai'Jt·, ,i_. (6.1Gb) 

It is shown in Appendix A that 

r;,.1 !llt. , mt_ I yjtjzJM) = r~.1U1 + 2k1) I yjijzJM) . ( 6. 11) 

To second order [cf. Eqs. (2.29), (2.31) in the limit 

r;,.1 - ce] we then have a contribution to f from averaging 
over the equilibrium state for V (Le., j 1 = 0, p1 = O) of 

- ~ii T vi (y'0jzJM Im.• 'Jt. -91t_ • :n. 1 y "1jrJ" M")(y"1i:;'J"M" I mt •• :n_ -mi. • :n. 1 y"0jzJM> 

vz " 
= - -fr v f;-, (y'Oj2j2 P2 \mt_ • '.n. jy"lj2'iz Pz)(y"lj;'h P21 mt. • 31_ I yOhiz Pz) , (6.12) 

where we made use of the raising and lowering properties of mt. outlined in Appendices B and C and the summation 

is over all of the double-primed indices. By use of Edmonds 32 [Eqs. (7.1. 6) and 5. 4. 1)], Eq. (6.12) reduces to (cf. 

Appendix B) 

3 VJT V (2J2 + 1rt ~ (- l)i2•j2' (y'j211~. \ \y"j2')(y''jf, I \m_ \ \yjz) . ( 6. 13) 

But by analogy to Appendix B [cf. Eqs. (Bl), (B5), and (B6)] 

i (y'jijzJM l!Jl .• m_ h,_id2JM) = i(2jz + 1 i-1 ~ (- l)iz•j2' <1'jz I l:n. I I y"j2 ')(y''j2' I 1~- I I yjz) . (6.14) 

Thus if we let 

/3 = 3V~T v , ( 6. 15) 

we see that the correct FP limiting result is obtained. 33 

We note that Eq_. (6. 3) is written for a fluctuating 
torque T' that is independent of O. More generally, we 
can write T'(O - '1') =r1fkT/IV(O - '1'), where 

T'(O -'¥)= -iJU(O -\JI), (6.16) 

such that the potential u(n - '1') is a minimum when 0 
= '1'. We can think of the Euler angles ,i, as defining a 
fluctuating set of axes (relative to the lab frame) which 
have the property of a fluctuating "director. " In gen­
eral, we may expand the potential U(O - '1') in general­
ized spherical harmonics 2• 7a: 

U(O - '1') = L ui:M'.DifM(n -w) 
L,K,M 

( 6. 1 7) 

We are then free to choose each coefficient utM as a 
stochastic variable (the generalization of the planar ro­
tator model in which V is fluctuating, e. g. , by an 
Uhlenbeck-Ornstein process), although one usually trun­
cates the expansion with only one or at most a few L 

values. We must regard the Euler angles ,i, as stochas -
tic variables, which fluctuate isotropically (for a flue -
tuating torque model) or else with respect to a Boltz­
mann distribution in the instantaneous value of the 
orienting potential (for a SRLS model). 
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The case of fluctuations in '1t with the uiM remaining 
constant leads to the Markov operator [cf. Eq. (2. 35b) 
andJz=-i(a/acp); <l>=i(n,w)} 

r(O,w, '1t)=iw • J+r1N(O) • Vw +r1T'(O -'1') • Vw 

( 6. 18) 

and where the diffusion in isotropic space of w may be 
represented quite generally by the Markov operator 

r'll=,J•R'll•,J, (6.19) 

where ,J is the rotational operator, analogous to J, but 
operating on the set of Euler angles >It, and R'II is the 
diffusion tensor of the director. The rotational diffusion 
expressed by Eq. (6. 19) may be handled by well-known 
procedures. 12 Equation (6.18) represents the general­
ization of Eq. (2. 36) for the planar rotator to three di­
mentions. Since the fluctuating torque given by Eqs. 
(6. 16) and (6.17) is now a function of Euler angles O and 
w, the coupling term tow in Eq. (6.18) is more com­
plex to analyze than that of the previous example, so 
we plan to discuss it elsewhere. The more general 
model, in which the Ui(M may fluctuate is, of course, 
even more complex. The results Eq. (6. 3) or Eq. 
(6. 18) may be regarded as stochastic models for Eq. 
(1. 1) in terms of fluctuating torque models. 

We may now generalize the SRLS model to three di­
mensions. Thus, we may write for the Smoluchowski 
form [cf. Eqs. (4. 3) and (4. 7); <I>= U(O - >lt)/kT] 

f(O '1t)=J•R ·J+J•Rn·(JU(0-'1')) + T'·Rn·T' 
' n 2kT (2kT)2 

,J·R ·,l+,J·R'll·(,lu(n-w)) + T'•R'll·T' 
+ 'II 2kT (2kT)2 ' 

( 6. 20) 

where the orientation of the probe is again specified by 
Euler angles 0, while w represents the Euler angles of 
the director due to the SRLS. Here Rn is the rotational 
diffusion tensor of the probe molecule. Note that we 
may define a "torque" acting on the director by 

Tn(O -w) = -iJU(O - >It} 

= iJU(O - >It}= - T(O - >It} , ( 6. 21) 

i.e., it is equal and opposite in sense to the torque act­
ing on the probe molecule. 

Equation (6. 20) is the generalization of Eq. (4. 7) to 
three dimensions. It also differs from the form used 
previously2• 7 in that the director diffuses under a poten­
tial of mean torque, which is dependent on the orienta­
tion of the molecule. Again, for Rn» R'II, the last two 
terms in Eq. (6. 20) may be neglected (compared to the 
second and third terms), justifying the earlier ap­
proach. 2• 7 Thus Eq. (6. 20) may be regarded as a sto­
chastic model for Eq. (1.1) (after integrating out the 
variable w) in terms of a SRLS model. (One could, of 
course, combine the models of SRLS and fluctuating 
torques as well as include many other modes, but that 
clearly increases the complexity of the modeling, with­
out introducing any new principles.) 

VII. FURTHER COMMENTS 

A. Increasing the bath variables 

In our development we have assumed that the torque 
is a function of bath variables (such as V and c,o) which 
are characterized by Markov processes. One could 
generalize our procedures by, for example, including 
the various time derivatives of these bath variables and 
then allow the collection of, say, V, ir =av/at, etc., to 
constitute a multidimensional Markov process. Sup­
pose we were to let V obey an Ornstein-Uhlenbeck pro­
cess. Then by application of Eq. (A3) there would re­
sult a new reversible drift term proportional to V(a/aV). 
The conditions required for detailed balance [ cf. Eqs. 
(All)] may then be applied to generate the AFPE. In 
this manner more sophisticated models could be de­
veloped, provided there is sufficient physical insight 
and/or experimental details to warrant them. 

An expanded dynamical basis set has also been utilized 
by Kivelson and Keyes 34 in their Mori13b treatment of ro­
tational reorientation. We find differences in our re­
sults, however, even before the set of dynamical vari­
ables has been augmented. This is readily illustrated 
by the classical Brownian example of the inertial planar 
rotator. The AFPE is simply the classical Fokker -
Planck equation for this case [cf. Eqs. (2.29)-(2.31)] 
so that the autocorrelation function12 

(7. 1) 

where 

S(t) = (/3/ 4R)({3t - 1 + e-a1r1 (7. 2) 

Equation (7. 1) may be expanded in terms of an infinite 
sum of exponentials. 12 In contrast, the Kivelson-Keyes 
approach yields a sum of two exponentials for this case. 
The two-variable theories do differ in that the dynami­
cal variables for the Kivelson-Keyes approach are Q(t) 
= eir<n and Q(t) rather than y(t) and y(t). Kivelson and 
Keyes find that each new dynamical variable yields an­
other exponential term to their calculation of g(t). Thus, 
they would require an infinite number of variables (i.e., 
various projections of time derivatives of Q) in order to 
obtain an infinite number of exponential terms and hence 
a spectrum with infinite moments. In this sense we may 
regard their approach as a "low order" theory. The dif­
ficulty may be removed by using the natural dynamical 
variables (e.g., y and y) in a simple linear Mori theory, 
and then by generating the AFPE from the resulting ALE 
using standard methods such as outlined in Appendix A. 35 

This approach would still be equivalent to a GLE ap­
proach, and as discussed in Sec. V, is just a special 
case of the present method. Additional comments on 
this comparison have been made by HMHF. 1 

B. Spin-dependent AFPE 

We now wish to comment on applications to magnetic 
resonance. In general, the AFPE should be generalized 
to explicitly include the spin degrees of freedom of the 
spin bearing molecule. That is, Eq. (1.1) for the GFPE 
may be reformulated including these spin degrees of 
freedom as HF have shown. 6 Thus, Eq. (1.1) becomes 
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[&/ot+iwB. JB +LB. VLB +(NB>. VLB-½i[JB'.fCs(nB)'] 

• vLB +itC.(nBf/nlfa(t)=VLB • _( GtR(t-T) 

'(;; +VLB)fB(T)= -VLB' (RB)., (7. 3) 

where JC5 (Q8) is the spin Hamiltonian which contains 
terms in n8 , and the superscripts x and+ imply com­
mutator and anticommutator operationsontheterm(s)to 
the right. Thus, f 8 (t) is a classical distribution function 
in the molecular and bath variables [analogous to P(t) in 
this work), but it is also a spin-density matrix in spin 

space. 6 Thus iJC.(n~)/fi on the left is the usual quantum­
mechanical drift term, while the term ½iJaJC.(nBr is 
seen to play the role of a "spin torque, " i.e., the reac­
tion of the spins on the molecular degrees of freedom 
due to the orientation-dependent spin energy. The cor­

relation operator G~R(t) also becomes spin dependent. 

The form of Eq. (7. 3) compared to Eq. (1. 1), as well 
as the result of HF that, at least for high temperatures, 
the form of G~R(t) implies relaxation to the instantaneous 
spin-dependent potential energy given by JC.(n)/kT, sug­
gests that we write our spin-dependent AFPE with JC;(n) 
treated in a manner analogous to a potential. Thus, for 
example, a spin-dependent form of Eq. (2. 36) becomes 

r.(y, Y, rp) = r(y, Y, rp) + iJC.(yt/n 

- !_(~'.fC (yr/kT) ~ 
2 8y s 8y ' 

(7. 4) 

where r(y, y, rp) is given by Eq. (2. 36), while iJC,(yt/n 
is the spin drift term which depends upon y; the third 
term is the drift term due to the spin torque. That is, 
we now write 

(7. 5) 

The extension to three dimensions is straightforward. 
Equation (7. 4) and related forms can then be handled by 
standard methods for dealing with spin-dependent sto­
chastic-Liouville equations. t,G,!1a, 22 , 36 

VIII. SUMMARY AND CONCLUSIONS 

We have shown how, by relatively simple procedures, 
one may achieve useful stochastic models for molecular 
dynamics in condensed phases, which are generaliza­
tions of the classical Fokker-Planck equations for 
Brownian particles. Our method is first based on the 
procedure of "stochastification, " by which a stochastic 
Liouville equation (SLE) is first written for the distribu­
tion function of all the relevant (coupled) dynamical vari­
ables, at least some of which are random functions of 
time due to dynamical interactions with the "bath. " The 
relevant bath variables are then assumed to obey, in 
general, a multidimensional Markov process for which 
a Fokker-Planck form may be written. The augmented 
SLE or incomplete AFPE is then written for the com­
posite process. 

The next step is to "complete" the AFPE by subjecting 
the incomplete form to all the constraints of detailed 
balance. These constraints usually require the addition 
of new reversible and/or irreversible drift terms to the 

incomplete AFPE representing the back reaction of the 
dynamical variables on the stochastic bath variables. 
The nature of these terms is seen to be strongly depen­
dent upon the choice (based upon physical considerations) 
of the equilibrium distribution function associated with 
the conditions of detailed balance. The final choice of 
the new drift terms will typically involve some addi­
tional physical insights, although for the cases studied 
in this work they proved to be rather obvious. Further 
physical insight into the complete AFPE may be achieved 
by studying the associated ALE. 

This procedure represents an improvement and a gen­
eralization of a procedure to generate complete SLE (or 
AFP equations) suggested by HMHF. Instead of examin­
ing the set of constraints due to detailed balance (as 
given by Haken), they required that the complete AFPE 
have the property that it reduce to the well-known clas­
sical FP equation of the Brownian particle when the 
proper limits are taken. We have shown in this work 
that the AFPE generated by the present procedures do 
indeed reduce to the classical FP equation when the 
proper limits are taken. 

We have presented detailed illustrations of the method 
for the case of a planar rotator subjected to a fluctuating 
torque. The fluctuating torque could be described in 
terms of fluctuations in its magnitude and/or fluctua­
tions in the equilibrium orientation of the rotator. In 
all cases the AFPE was shown to reduce to a FP equa­
tion when the torque fluctuations are very rapid. In an­
other limit where inertial effects are small, it was 
shown how to obtain the "augmented" Smoluchowski 
form. These forms are related to the simple "fluctuat­
ing torque" model used by Freed and co-workers1- 4 to 
analyze electron-spin relaxation experiments. 

These models are characterized by detailed balance 
with respect to a uniform distribution for the equilib­
rium orientation of the rotator. When this is replaced 
by detailed balance with respect to the instantaneous 
value of the orientation-dependent potential, then a "lo­
cal structure" model is obtained, which is significantly 
different from the fluctuating torque models in that it 
does not lead to frictional effects (i.e., the torques do 
not depend upon the angular velocity of the rotator). 
The Smoluchowski form of this model was shown to be 
closely related to the three-dimensional SRLS model of 
Polnaszek and Freed, 2 which has been used in the inter -
pretation of magnetic resonance relaxation experiments 
in ordered fluids. 2- 5, 7,a .. The present analysis included 

the back-reaction effects omitted in the earlier work, 
but it showed that for a slowly relaxing local structure, 
such corrections may indeed be ignored. 

The fact that the fluctuating torque model is associated 
with a uniform equilibrium distribution function, while 
the SRLS model is associated with a nonuniform (instan­
taneous) distribution function, tempts us to distinguish 
them physically by referring to the former model as due 
to "collision-induced" torques and the latter as arising 
from "structure-induced" torques. It is the collision­
induced torque model that we may relate to a GLE. 

The generalization of these models to yield three-di-
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mentional rotational AFPE was also presented, and 
methods of analysis based upon the symmetry of the full 
rotation group (e.g., Wigner-Eckart theorem) were out­
lined. The general conclusions about the planar rotator 
models were found to carry over to the three-dimen­
sional cases. 

The methods employed in the present work should be 
considered as guidelines for reasonable model building. 
Stochastic assumptions are currently an unfortunate 
aspect of even the most sophisticated Brownian motion 
theory. Whether these assumptions are incorporated 
into forms for memory functions and random forces or 
else into requirements for detailed balance and the cor­
rect perturbative limit is quite arbitrary. We believe 
that the method we have outlined and illustrated is a 
particularly useful one for the stochastic modeling of 
molecular dynamics in the analysis of experiments. It 
permits a straightforward translation of physical con­
straints and insights into an AFPE as well as ALE, 
which may then be solved by standard methods. In 
future work we plan to further develop and extend the 
models discussed here. 

APPENDIX A: GENERAL METHOD OF 
CONSTRUCTING THE AFPE 

Consider a set of independent dynamical variables A 
whose equation of motion may be written in the form 

(Al) 

where E(t) denotes a set of independent stochastic (bath) 
variables and i\ denotes a set of externally determined 
parameters such as temperature. In general, F(.11; !, A) 
may be a nonlinear function of the variables. The sto­
chastic process for ! is assumed to be stationary and 
Markovian with an associated master equation 

(A2) 

The ASLE may then be written as18 •19 

:tP(t., E, t; i\) = - [v 1,. • F(t.; E, i\) + r :,,:]P(t., E, t; A). (A3) 

Here V 1,. represents the divergence over the space 
spanned by a. It should be emphasized that Eq. (A3) is 
incomplete in that the back-reaction effects of a on the 
diffusion of E do not appear in Eq. (A2). Thus the sta­
tionary solution of Eq. (A3) will, in general, yield the 
correct Boltzmann distribution only in the limit of in­
finite temperature. Equivalently, we may say that the 
joint probability density of t. and ! as defined by Eq. 
(A3) does not relax to thermal equilibrium. In order to 
obtain the physically correct stationary solution, addi­
tional terms which have been neglected in Eq. (A3) need 
to be found. We note that the ASLE will relax to ther­
mal equilibrium if we require that it obey the principle 
of detailed balance. We therefore seek additional terms 
to Eq. (A3) subject to the constraint that detailed balance 
be obeyed. 

It is convenient to incorporate a and E into a new set 
of augmented dynamical variables q. The condition re­
quired in order that detailed balance be obeyed is then21 

(A4) 

where the tilde denotes a time-reversal transformation, 
P 0 is the stationary solution, and w(q',q; A) is the tran­
sition probability per second from q to q' defined in 
terms of the conditional probability by 

w(q ', q; A)= [ ( a /ar)P(q' I q; r; i\) ]7 • 0 • (A5) 

In terms of q, the ASLE may be written as 

a 
atP(q, t; i\) = - r(q)P(q, t; i\) . (A6) 

Haken21 shows that Eq. (A4) leads to the operator 
identity 

r(q';i\)Po(q';i\)=Po(q';A)r•(q';A), (A7) 

where r• is the operator adjoint to r. If r z contains 
only first and second derivative terms, then r(q) is of 
the form 

- r(q) = -L(a/aq;) ° K1(q, A) 
I 

(A8) 

where the K1 and Kik are drift and diffusion coefficients, 
respectively, and except for their time independence are 
otherwise quite general (functions of q and A). r:.: may, 
in general, contain higher order derivative terms (or 
be an integral operator). This will complicate the analy­
sis below without adding any fundamentally new features. 

It is convenient to define irreversible drift coefficients 
by21 

(A9a) 

and reversible drift coefficients as 

(A9b) 

where 

(AlO) 

and E 1 = ± 1 depending on whether q; changes sign upon 
time reversal. The necessary and sufficient conditions 
for detailed balance in terms of K;k, D;, and J 1 follow 
from Eq. (A7) applied to Eq. (A8). They are given by 
Haken as 

(Alla) 

(Allb) 

I:(aJ1 -Ji a<I>)=o' 
1 aq1 aq; 

(Allc) 

where <I>(q, A) is the generalized thermodynamic potential 
defined by the stationary solution of Eq. (A6): 

(A12) 

with Na normalization constant [e.g., Eq. (2.12)]. The 
AFPE is obtained by adding (or modifying) J 1 and/or D1 
terms to Eq. (A8) so that Eqs. (All) are all fulfilled 
subject to a particular form for cl>(q, A) which must be 
determined by physical considerations. Since by Eq. 
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(Allc) the choice of additional J 1 are not unique, physi­
cal considerations are also required here. In this man­
ner, the back-reaction effects oft.. on Z are implicitly 
included in r(q), and relaxation to thermal equilibrium 
is ensured. [When the Fokker-Planck equation (A8) has 
higher derivatives of the q;, then Eq. (A7) may be ap­
plied to generate the new conditions which generalize 
Eqs. (All).] 

(Al4b) 

k 1 and g 11 are related to the drift and diffusion coeffi­
cients by 

K 1(q, X) =k/q, A)+½ L(ag,/Bq,,)gkJ 
k,J 

(Al5) 

and 

(Al6) It is now possible to generate the ALE from the com­
plete r(q). 21 The ALE may be written for each dynami­
cal variable q I as 

m 

(/1 = ki{q, A)+ L glj(q, A)~;(t) , (Al3) 
j•l 

In general, the matrix K= (K,m) is symmetric. Usually 
K is also nonnegative definite. If K is nonnegative def­
inite, then there exists a real symmetric nonnegative 
definite matrix G = ( g 1k) such that G2 = K. Then 

where the ~/t) are independent Gaussian 6-correlated 
random functions with 

(Al4a) 

and 

(Al 7) 

where (Kf)611 is the eigenvalue matrix of K, and U is the 
corresponding eigenvector matrix. Then the k 1(q, X) are 
obtained from Eq. (A15). 

APPENDIX B: MATRIX ELEMENTS OFffil+ ·ffil_ 

We wish to evaluate the matrix element of mt., mt_ in the coupled representation [cf. Eq. (6.11)]: 

h;1(y'jti~JMJmt •• mt_JyithJM). (Bl) 

The standard relation between the coupled and uncoupled representations is 

(
jt j

2 
J ) J y j1m1hm2) , 

m 1 m 2 -M 
(B2) 

where the 3 -j symbols have been used. Thus, Eq. (Bl) becomes 

(B3) 

(B4) 

where the double bars denote the reduced matrix elements according to the Wigner-Eckart theorem. 32 It follows 

from Eq. (B4) and the properties of the 3 -j symbols that only m 1=m 1 terms contribute to Eq. (B3). Moreover, 

from the triangle properties of the 3 -j symbols, Eq. (B4) vanishes unless j 1 =it• Equation (Bl) is therefore equiv­

alent to 

h;}(,'j1M I mi. , mt_ I, j 1M)o 1i, 11 o 12 •12 o J' j> M. ,M = ½r;1(2it + 1r112(/it I Jmt. • mt_ I I, j 1)o Ji,11 o 12 ,120 J'. Jo M' ,M , (B5) 

where we made further use of the properties of the 3 -j symbols, including their orthogonality properties. From 

Edmonds (Eq. (7.1.1)], we have 

<,'j1 I Jmt. • mt_J Jyj1>=(2j1 + 1r112 I: (-1)1i' •11(y'it I !mt.I l,"j1'><,"j1' I Jmt_ I !Yi1> 
ru Jf' 

-(
2

. l)-112 ~ (y'itOlmt.(O)ly"j{'O)(y"j1'0lmt_(O)lyitO) 
- Jt + L., . 1 •// 2 ' 

r" Ji' (lt 1t ) 
0 0 0 

where 

(B6) 

mt.(O)=Vo=fv'v,O. (B7) 

v0 and v'v,o are the m=O, first rank irreducible tensor components of v* and v'v*• respectively. The only nonvan­

ishing matrix elements of mt.(O) are (y- ki, y' - k1, Ra1,11 - lj1k1)): 
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< ' . I \ . 0) ii+ 1 <. 1 k' \ (a j1) I. k > Y,Ji+l,0vo'fv'v,0Y,J1, =[(2ii+l)(2ii+3)J112 Ji+, 1 V'f av-; J11 (B8a) 

(cf. Edmonds, p. 80 for the irreducible tensor components of V), and 

, . \ \ . > ii ( • , \ (a ii + 1) \ . > (y ,Ji-1,0 Vo'fv'o Y,Jt,O = [(2j1-1)(2it+l)]tt2 Jt-l,k1 v=.: av +-v- Ji,k1 (B8b) 

These matrix elements involve the ladder and flip-flop operators discussed in Appendix C. By use of relations in 
Appendix C we finally obtain 

APPENDIX C: LADDER AND FLIP-FLOP 
OPERATORS FOR ASSOCIATED LAGUERRE 
FUNCTIONS 

From the definition of the Rkjv) = ljk) [Eq. (6. 8)] and 
the recurrence relations 37 

and 

x :xL~°'>(x)=nL~°'>(x)-(a +n)L~~/(x), 

!!_L <°'>(x) = - L <0t•l>(x) dx n n-1 , 

(Cl) 

(C2) 

(C3) 

(1 + a + n)Lt>(x) = (n + l)L~:/(x) + xLt•1>(x) , (C4) 

it is straightforward to show that 

a • 
(j'k'/v- av+~ /jk)=2v'j+k+¾o,,,,ko1,,1.1 (C5) 

and 

(j'k'/v+ :v +j:l /jk)=2v'j+k+½o,,,j>;•,J-1. (C6) 

Equations (C5) and (C6) define the "raising" and "lower­
ing" operators, respectively. Also, 

(C7) 

and 

are the "flip-flop" operators. 
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