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A quantum stochastic theory for nonadiabatic processes in condensed phases and on surfaces is given. The
present theory is primarily concerned with processes involving the fragmentation of two-particle systems
and/or the “collision” of two particles with internal structure, i.e., electronic, spin, and nuclear degrees of
freedom. A fully quantum mechanical joint energy space—quantum phase space master equation for two-
particle systems is presented. A simpler form of this equation emerges in the limit where the length of thermal
spatial fluctuations along the relative coordinates is much greater than half the wavelength for thermal
momentum fluctuations associated with relative motion. (This limit is equivalent to fulfilling a “thermal
Heisenberg uncertainty” relation: 4544 > > #/2.) The simpler master equation is converted into a nonlinear
quantum Fokker-Planck equation for nonadiabatic systems. Introducing simplifying assumptions, we obtain
a quantun analog of the stochastic Liouville equation augmented with irreversible kinetic terms, which
describes nonadiabatic transitionsand the interruption of coherence in energy space at different points in
quantum phase space. The final results are appropriately modified to incorporate the influence of applied
time-dependent electric and magnetic fields. The present work provides a formal theoretical framework for
examining the role of quantum effects that are neglected in “semiclassical” kinetic and “diffusional” theories

for nonadiabatic processes.

l. INTRODUCTION

There are a number of interesting nonadiabatic pro-
cesses in condensed phases and on surfaces that involve
the fragmentation of two-particle systems and/or the
“collision” of two particles with internal structure,
i.e., electronic, spin, and nuclear degrees of freedom.
Nonadiabatic processes of this type include radical -
pair formation and recombination, electron transfer
between molecules and excimer /exciplex formation and
disgociation. The theoretical treatment of these pro-
cesses is usually given from either a “semiclassical”
kinetic! or “diffusional”? point of view,

Investigators with a preference for “semiclassical”
kinetic approaches to nonadiabatic processes usually
adopt a simple kinetic scheme in which the coherence
between quantum states is neglected. The rate con-
stants appearing in the kinetic scheme are often com-
puted by employing a spatially dependent version of
Fermi’s Golden Rule.! This has been a popular ap-
proach for treating electron transfer between molecules
in condensed phases. Such theoretical treatments of
electron transfer usually fix the participating molecules
at some “critical separation,” where microscopic de-
tails for internal motion of the two-particle system and
the local bath structure is considered in terms of
quantum mechanics. The rate constant computed at
the “critical separation” is assumed to be the rate con-
stant associated with the electron transfer process.

The above-described “semiclassical” kinetic ap-
proach to nonadiabatic processes avoids treating the
dynamics of the two-particle collision by introducing the
“critical separation” assumption, which is reminiscent
of the methodology adopted in activated complex
theory.? This approach suffers from inadequate con-
sideration of the “streaming” and “diffusive” aspects
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of the relative motion of the colliding molecules, Con-
sequently, quantum effects that might arise from
coupling between the relative motion and electronic
motion are completely neglected. In addition, the role
played by relative motion in the redistribution of energy
is not considered. Instead, it is implicitly assumed
that spatial and momentum relaxation is instantaneous.
Modulation of nonadiabatic interactions and the energy
separation between potential energy surfaces via relative
motion is ignored. This provides a rather vague picture
of how the mechanisms for transitions between elec-
tronic states are “switched” on and off. As a result,

the notion of a “critical separation” for the occurrence
of a nonadiabatic process is an ambiguous concept. A
more rigorous treatment of these processes requires
careful consideration of the spatial dependence of non-
adiabatic interactions and potential energy surfaces.
Also, the back reaction of intermolecular interactions
on the motion along the relative coordinates must be
considered.

Theories of nonadiabatic processes from the “diffu-
sional” point of view are often based on the stochastic
Liouville approach.? This methodology has been em-
ployed in the development of simple models for pro-
cesses such as radical-pair formation and recombina-
tion. Unlike the “semiclassical” kinetic approach de-
scribed above, the stochastic Liouville approach does
deal with coherence between quantum states and colli-
sional dynamics. The relative motion of the relevant
particles is usually described by means of a Brownian
motion “collision” operator with terms incorporating the
back reaction of intermolecular interactions on the
relative coordinates., Nonadiabatic processes are gen-
erated by means of a semiclassical “streaming” oper-
ator. The formation and recombination of radical pairs
is often represented by a phenomenological term in--
volving rate constants for these processes. A system-
atic scheme for improving the stochastic Liouville ap-
proach has not been developed. As with “semiclassical”
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kinetic theories, the stochastic Liouville approach is
a semiclassical theory that has not accounted for quan-
tum effects due to the relative motion of the particles.

Quantum effects in nonadiabatic processes involving
the relative motion of two particles are expected to be
important when considering motion in bounded regions
of potential energy surfaces and spatial regions where
there is surface crossing. Also, we expect quantum
effects to be important for cases in which nonadiabatic
interactions are dependent on the relative coordinates
and momenta of the participating molecules.

In order to explore the role of quantum effects ne-
glected in “semiclassical” kinetic and diffusional
theories for adiabatic and nonadiabatic processes, we
have been involved in the development of a quantum
stochastic theory that would provide an adequate frame-
work for addressing this problem, In our companion
paper, we reported a quantum phase space Fokker-
Planck theory for adiabatic systems,? In the present
paper, this work is extended to nonadiabatic systems.

Employing the linear domain, “near thermal equi-
librium,” of the QSM approach® to time dependent pro-
cesses, we construct a fully quantum mechanical joint
energy space-quantum phase space master equation
for two-particle systems with the composite particles
having internal structure. When the length of thermal
spatial fluctuations along the relative coordinates of the
two -particle system is much greater than half the wave-
length for thermal momentum fluctuations associated
with relative motion, a simpler form of the master
equation is obtained, This limit is equivalent to ful-
filling a “thermal Heisenberg uncertainty” relation:
ApAg > #/2. The simpler master equation is augmented
with external disturbance terms describing the influence
of time dependent electric and magnetic fields.

From the simpler joint energy space-quantum phase
space master equation, we obtain a nonadiabatic quan-
tum Fokker-Planck equation with external disturbance
terms. Introducing simplifying assumptions, we find
that our quantum Fokker-Planck equation reduces to a
linear form that is a quantum analog of the stochastic
Liouville equation’ augmented with external disturbance
terms as well as irreversible kinetic terms that de-
scribe nonadiabatic transitions and the interruption of
coherence in energy space at different points in quantum
phase space,

The relationship between the present theory and
“semiclassical” kinetic theories based on a spatially
dependent version of Fermi’s Golden Rule! is estab-
lished. We obtain a fully quantum mechanical expres-
sion that represents a generalization of such Golden
Rule forms to cases in which the relative momenta and
coordinates of the two particles change during a non-
adiabatic process. The full semiclassical limit of this
equation is established.

The present results provide a unification of the “semi-
classical” kinetic and “diffusional” points of view for
nonadiabatic processes in condensed phases and on sur-
faces. Our theory may be employed to explore the role

of quantum effects that are neglected in these approaches.
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In Sec. II, we discuss the scheme adopted in our con-
struction of a joint energy space-quantum phase space
theory., First, we present a model for two-particle sys-
tems that should provide an adequate description of a
number of nonadiabatic processes. Then, we introduce
joint energy space-quantum phase space number oper-
ators to characterize the internal and relative motion
of the two-particle system. These operators are
utilized in the formal theoretical development presented
in Secs. III and IV,

Section III is devoted to the construction of stochastic
equations of motion for the two-particle system in joint
energy space-quantum phase space. The present re-
sults are based on the linear domain, “near thermal
equilibrium, ” of the QSM approach to time dependent
processes.’® A quantum mechanical joint energy space-
quantum phase space master equation that includes the
influence of applied time dependent electric and mag-
netic fields is obtained, The present work is related
to our previously given quantum phase space Fokker-
Planck theory for adiabatic systems.*® In addition, we
establish the relationship between the present work and
“semiclassical” kinetic theories based on a spatially
dependent version of Fermi’s Golden Rule.}

The results of Sec, III are employed in Sec. IV to
construct a nonadiabatic quantum Fokker-Planck equa-
tion, From this equation, we obtain a quantum analog
of the stochastic Liouville equation® augmented with
kinetic and external disturbance terms. The full semi-
classical limit of this equation is established.

Finally, in Sec, V., we present some concluding remarks,

ll. SCHEME FOR JOINT ENERGY SPACE-QUANTUM
QUANTUM PHASE SPACE THEORY

In this section, we discuss the model employed in our
joint energy space-quantum phase space theory for non-
adiabatic processes., First, we consider a two-particle
model system intended to mimic a variety of nonadia-
batic processes in condensed phases and on surfaces.
Next, we introduce joint energy space-quantum phase
space number operators for the two-particle system,

A. Model system

Here, we present a model for two-particle systems
that is sufficiently general so that our theory will be
applicable to such processes as radical -pair formation
and recombination, electron transfer between mole-
cules, excimer/exciplex formation and dissociation,
and spin sublevel decay of diatomic molecules on sur-
faces. In all of these processes the relative motion of
two particles plays a central role. This motion is
coupled to a thermal bath and the internal motion of the
two particles, i.e., the electronic, spin, and nuclear
degrees of freedom. The potential energy surfaces for
motion along the relative coordinates may exhibit curve
crossings, avoided crossings, and possess bounded as
well as unbounded regions.

Adopting a double adiabatic approximation scheme®
in which the bath is assumed to remain in its ground
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electronic state, we write the Hamiltonian for the two-
particle system plus bath as

I:-;(é, i)’ QB’ ﬁa) = iliao(é’ f)) + b;rsmo(é, f’)
+I;B(é39§8) +I;SB(éyéB) ’ (1)

where HS,, and HS,,, respectively, are the adiabatic
and nonadiabatic Born-Oppenhelmer Hamiltonians for
the isolated two-particle system, HB is the Hamiltonian
for the bath, and HsB is the system-bath coupling. Here,
we have denoted the collective position and momentum
operators for relative motion by Q={9,} and P={B},
where Q,/P, is the ith Cartesian component of the posi-
tion/momentum vector operator Q/P. The operators
Pp={Ps, Poou} and Q, ={Qf, Qcou! are collective posi-
tion and momentum operators for the bath particles
plus the center of mass (COM) motion of the two-particle
system, which shall be considered as part of the bath,

The matrix elements of the Cartesian components of
the position and momentum operators P and Q in the
coordinate and momentum representation for relative
motion are given by’

@Bl =invgoa -a", )

| 1é;la"y=q;5@ -qa"), (3)

®©'|B,lp"y=p50" -p""), (4)
and

®' 19,10 =inv,,560" -p") . (5)

Here, {10)= lq,)Ig5) lg5)} and {Ip) = 1p,) 155} D)}, Where

lq,)/ 1p;> denotes the eigenstate of the position/momen-
tum operator Q,/P, with the eigenvalue ¢,/p;.

The adiabatic Born-Oppenheimer (ABO) Hamiltonian
for the isolated two-particle system is given by

HS50@Q, D)= 3 |mITE®) +ESQ) ] tm |, )

where the index m runs over the joint ABO eigenstates
for internal motion, i.e., electronic, spin, and nuclear
degrees of freedom of theAtwo-particle system (excluding
the relative motion) and TE(P) is the nuclear kinetic
energy operator for the relative motion of the two par-
ticles. The center of mass motion is not included in Eq.
(8), since it shall be considered as part of the bath,

The potential energy operator £5(Q) appearing in Eq.
(6) is written

ES@Q=ES1+05,@Q) , (7
where

lim £SQ) =ES 7. (8)

1Q1~=

Here, ES'® is the energy of the two-particle system in
the internal quantum state » when the two particles are
infinitely separated, I is the identity operator, and

,f,m(Q) represents the spatial variations in the potential
energy surface for relative motion when the two-particle
system is in the internal quantum state .

The relationship between the ABO eigenstates in the
energy representation {lm)} and the ABO wave functions
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for internal motion is given by ¥,(X, q) =, q {m), where
x is a collective coordinate for internal motion., The
ABO wave functions {y,(x,q)} are solutions of

[AQox) + U(x,q) (%, @) =E,(q) ¥, (x,q) , (9)

where H®),(x) is the ABO Hamiltonian for the internal
motion of the two-particle system when the two particles
are infinitely separated and ff(x, q) is the interaction
potential between the two particles at the spatial con-
figuration q. The wave functions {y,,(x, @)} and energies
{E.{@)} are parametrically dependent on the relative
coordinates. It should be noted that E,(q) is the c-num-
ber equivalent of the energy operator }ff,(Q) appearing

in Eq. (6).

The nonadiabatic Born-Oppenheimer Hamiltonian for
the isolated two-particle system is written

H5o@, P) = Z | [VOQ, P) + V@] . (10)
Here, V“’(Q) represents nonadiabatic coupling due to
“internal” interactions such as spin-orbit coupling.

The interaction involving VOXQ, P) corresponds to non-
adiabatic coupling involving the nuclear kinetic energy
operator for relative motion, which couples states of
the same spin multiplicity

-~

P2@, 5= (2) ER@IEQ-EQI - B+E),
(11)
where
(5:.?,,’(62)= f dxw:(x,é)[vat}(x,é)]wn(x,é) (12)
and

2
R @=(3) [ axorn @954, Q) (13)
[Theoretical treatments of relaxation processes involv-
ing these terms usually employ the second quantized
form of the coordinated representation of Eqs, (11)-
(13). See, for example, Ref. 6.] The wave functions
{¢mix,q)} in Eq. (9) are the c-number equivalent of the
wave functions {y,(x, Q)} appearing in Eqs. (12) and (13)
with respect to the relative coordinates. The wave func-
tions 9,,(x, Q) are parametrically dependent on the coor-
dinate operator Q rather than the ¢ number q.

We write the Hamiltonian for the bath as
@y, Pg)= ASRER 1 T2(B,) +U,Q5) ,

where AESEE is the Hamiltonian for the free radiation
field, 75 is the nuclear kinetic energy operator for the
bath particles, and U p is the potential energy operator
for bath particle motion.

(14)

The Hamiltonian for the z-particle system-bath cou-
pling is given by
Hn@Q,Qp)= ): ) [V2XQ) + VEQ; Q) n | (15)
where V2)(Q) describes the interaction between the two-
particle system and free radiation field, which is as-
sumed to be independent of the bath particle coordinates,
and

P8Q, Q0= [ ax vz, Q) Ve, Q, Q)% @, (16)
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with Va(x,Q,Q,) denoting the interaction between the
two-particle system and the surrounding medium. Since
we have included the center of mass motion of the two-
particle system as part of the bath, the interaction giv-
en by V. properly reflects the coupling between the cen-
ter of mass motion and the bath particles. (Recall that
Q:=9},Qcom.) The matrix elements given by 73)(Q,Qp
describe the spatial “rearrangement” of the bath parti-
cles when the two-particle system is in the internal g
quantum state m. Collisions between the bath particles
and the two-particle system give rise to collision-in-
duced transitions between internal quantum states of the
two-particle system through the terms involving
vQ,Q,) for m #n. [In “semiclassical” kinetic theo-
ries for electron transfer between molecules, solvent
configurational changes accompanying the electron trans-
fer process are usually introduced by representing the
solvent as a collection of low frequency harmonic oscil -
lators exhibiting frequency shifts and displacements in
their equilibrium positions. (See, for example, Ref.'1,)

The formal development of our model may be facili-
tated by partitioning the Hamiltonian given by Egs. (1)-
(16) into “quantum” A, and “semiclassical” Hgc parts,
which are respectively independent and dependent on the
relative coordinates and momenta of the two-particle
system. We write

HQ, P)=Hy + HsolQ,P) (7
where
Ao= 2 |mYES @ F(m|+A,@p, By) , (18)
and
Hee@, P)= HQ,P) - Hy =D |mTH®) +U S, (@Q)m |
+ 3 [m{[79Q, &)+ 7R @1 -5,
+V2Q) +VEQ, Q) | . (19)

For the sake of notational comgactness we have sup-~
pressed the dependence of H, Hg, and Hg. on the bath
particle momenta and position operators. Hereafter,
this notation will be adopted In the full semiclassical
limit, the operator HQ remains fully quantum mechan-
ical, while Hsc becomes an ordinary classical function
w1th respect to the relative coordinates and momenta,
whereas it remains a quantum operator with respect to
the internal motion of the two-particle system and bath
particle motion.

B. Phase space-energy space number operators

In the next section of this paper, we consider the
temporal behavior of the two-particle system, described
in part A, in terms of joint energy space-quantum
phase space, More specifically, the internal motion of
the two-particle system is described in terms of energy
space, while the relative motion is described in terms
of quantum phase space,

We shall develop our description of the two-particle

6153

system by employing the joint energy space-quantum
space number operators defined by

(D) =N, N(T) (20)

where 1\7,, = 17)(j | is a number operator for the internal
motion of the two-particle system in the energy repre-
sentation (These operators are often written in the sec-
ond quantized form N;;=a;a;, where a, destroys the
state j and a; creates the state i, See, for example,
Ref. 7), with {|7)} denoting the corresponding ABO
eigenstates, and N(I') is the quantum phase space num-
ber operator for the relative motion of the two-particle
system*:

M) = exp(=inv, - 9,)6(q -Q)5(p - P)
=exp(-ifv,*V,) |a)alp) @]

3
= 5‘:1‘ exp(=if v, ¥, )5, -Q)8(p; - P).  (21)
In the above, I'={g,, p;; i=1, 3}, where ¢, and p, are c
numbers corresponding to the eigenvalues of the position
and momentum operators @, and P,. [See Egs. (2)-(5).]
The eigenvalues ¢; and p; are simply the Cartesian com-
ponents of the position ¢ and momentum p vectors asso-
ciated with relative motion,

It should be noted that the number operator N(T') op-
erates only on the eigenstates for relative motion,
whereas the number operator N‘, operates only on the
eigenstates for the internal degrees of freedom of the
two-particle system. More specifically, we write

< Vl (Xa KW ]ﬁ(r) Iml>lxa'> VI) =<X<!|N(r) IXG'>6mm'6w'
(22)

and

(V| xa [{m | N

= mibjm'éaa'éw' ’ (23)

where {lx,)} and {| )} are the eigenstates for the rela-
tive nuclear motion and bath, respectively.

The number operator 51, 4(T) has been constructed by
using Weyl correspondence,®1! It is the quantum ana-
log of the semiclassical number operator

q9,(D) =N, np(T) , (24)

where np(I') is the classical density function:

3
np(I) =5(q —qp)5(p =pp) =z:1 8lq, —qD,f)ﬁ(Pz "PD,f) .
i=

(25)
with gp ; and pp ; denoting the Cartesian components of
the dynamical position and momentum vectors ¢, and
pp for relative motion,

To provide some physical insight into our joint energy
space-quantum phase space number operators, we con-
sider the following quantities:

@ ,,(T, ) =Tr p(OR,,(T) (26a)
and

(Fu,,(T, £)) =Tr p(t)51,,(T) , (26b)
where p(t) is a statistical density operator. The quanti-

ty (3 (T, £)) gives the joint probability of finding the
two-particle system in the internal quantum state ; and
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located at the phase point I'={q, p} in quantum phase
space. Forj=#i, (:,,(T,?)) tells us about the coherence
between the internal quantum states j and 7 at T,

In the next section, we shall consider the correlation
functions involving the current operators 5t,,(I'), which
are given by Heisenberg’s equation of motion:

9,,(0) =23, (1)
=(i/r)[H,R;,(D)], 27

where H is the total Hamiltonian and £ is the corre-
sponding Liouville operator,

It is useful to have at hand the Wigner representation
of the equation of motion for 9,,(I'). Taking the Wigner
equivalent of both sides of Eq. (27), we write

5, (0) = /LA, 5, (D] (28)

where the superscript w indicates Wigner equivalences
(Weyl correspondence) with respect to the relative mo-
tion of the two-particle system,

Introducing the Hamiltonian given by Eqs. (1) and
(17), we cast Eq. (28) into the form

9,,(T) = /M B, F2,(D)] + G/ Aec(Tp)

o (T) exp(=ifT p/2) Hig(Tp)]
(29a)

exp(=iAT/2)3,(T) -

=G/ Hq, N, Jnp(T) +G/M BTN,

xexp(—ikT p/2)np(T) = Ny, H5o(Tp) exp(+iBT 5/2)n ()]
(29b)

where Tp= V, 'V, , with the arrows indicat-
ing the dxrectxon of operatlon for the V operators.

In writing Eq. (29), we have made use of Eq. (24) and
the following theorem!®:

[AQ, P)B@Q, B)I* = A“(Tp) exp(—iAT ,/2)B*(T',)
= BY(Tp) exp(+ AT 5/2) A“(Tp) , (30)

where the Wigner equivalent of the operator A, denoted
by A“, is a semiclassical operator, i.e., it is an oper-
ator with respect to the quantum degrees of freedom,
but an ordinary classical function with respect to the
relative motion of the two particles,

The Wigner representation of Heisenberg’s equation
of motion for the joint energy space -quantum space
number operators follows from Eqs. (28) and (29), We
write

e, (r) =582 9 (1) (31)

where £¢ is the Wigner representation of the Liouville
operator £:

Bo=8q+ 8, (32)
with

Eo=(1/mHY . (33)
and

W. A. Wassam, Jr. and J. H. Freed: Nonadiabatic processes

Bo. =B+ 8oy (34)
Here,
= = (/1) H2 (T ) sin(AT 5/2) (35a)
=(;/%) B9 (T) sin(AT, /2) (35b)
and
£9¢ = (1/mAY (T)) cos(iT p/2) (35¢)
=(1/R) A% (T) cos(iT, /2) , (35d)

where T = Vp V V V,N We have used the super-
scripts — and + on the Hamiltonian terms to indicate
B A=[8A].

Since SII‘;’,(I‘) =N;;np(T) is constructed from & functions
involving (q ~q,) and (p =py), we may replace the dif-
ferential operators v, and V,  acting on #,(I") in Eq.
(31) by ¥, and V, at the same time replacing the dynam-
ical variables q, and p, involved in the derivatives of
7 g by the parameters q and p. These replacements
have been made in writing Eqs. {35b) and (35d).

The Wigner equivalent of Hy. [see Eq. (19)] with re-
spect to the relative motion is given by

He(Tp) = Z lnﬁ[( p") +Us""(qo)]<m[

£ lm) {[v&he(ap, po)+ ViR (ap)] (1 =5,

n,

+ f,(z).w(qp) + V“”:"’(qb, QB)} (nl ’ (36)

where US:2(qp), V0 %(qp,pp), and V¥ ¢(q,) are ordi-
nary classical functions of the dynamical variables q,
and p,, whereas V) %(q,) and V&) “(q,,Qp) are semi-
classical operators. Unw(dp), V‘” 9(qp), VEhe(qp),
and V“’"“’(qp, QB) may be obtained by simply replacing
the quantum operator Q with the classical dynamical
variable q, in Eqgs, (7), (10), (15), and (16). The Wig-
ner equivalent of V9 is written

Vm) “(qp, Pp) = ( )C(O)(qD)[EM(qD) "En(qD)]-l'pD

2

e Lv {CR @B - Ean) T CR ).

(37
where C,)(a,) and C,)(a,) are obtained by making the
replacement Q= q,, in Eqs. (12) and (13). In arriving
at Eq, (37), we have employed Egs. (11) and (30).

At this point, it is instructive to examine £“ in the
full semiclassical limit, i.e., the limit in which the
Wigner representation of the Liouville operator is
treated to zeroth order in %#. Expanding the arguments
of (35a) and (35c¢) to first order in %, we obtain the full
semiclassical Liouville operator:

a 1\ -~ 1\ .. .
£PSC = (_ﬁ—) H-Q+(f) H'S"é (PD)
i T w,+ . i T W, .
+(§)V,DHS¢ (Tp)*9,, —(E)V,DH&; (Tp) - v,,. (38)
The first two terms of Eq. (38) are what one expects in

the usual formulation of semiclassical models. The
second term is parametrically dependent on the nuclear
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coordinates and momenta associated with the relative
motion of the two particles. The third and fourth terms
can be considered as quantum corrections of order %°,

Now, we consider the last two terms of Eq. (38) in
more detail, In general, H¥ will contain nonadiabatic
interaction terms that are functions of the relative co-
ordinates and momenta. [See Eqs. (36) and (37).] If
the dependence of nonadiabatic coupling on the relative
momenta is neglected, Eq. (38) reduces to

e (3) i it

+—v H“’é (Tp) -V, —z(i”) Ve, (39)

2
Semiclassical Liouville operators of this form have
been discussed previously, !2:1% except that Eq. (39) still
includes a quantum mechanical description of the bath,

1. EQUATIONS OF MOTION IN JOINT ENERGY
SPACE-QUANTUM PHASE SPACE

In this section, we employ the linear domain, ‘“near
thermal equilibrium, ” of the QSM approach to time de-
pendent processes’® to construct stochastic equations of
motion for the two-particle system in joint energy space-~
quantum phase space. For simplicity, the center of
mass motion for the two-particle system is taken tobe at
thermal equilibrium and considered as part of the bath,

A. General results

Since the QSM approach to time dependent processes
has been well described elsewhere, *‘*~°®’ we only dis-
cuss the choice of relevant “observables” and present the
the equations of motion for the linear domain.

The relevant “observables” are chosen to be
(m“(l" tH=Tr p(t)sn,,(l") where p(¢) is the statistical
density operator and 9, 4,(T) is the joint energy space-
quantum phase space number operator described in Sec.
IIB. Implicit in this choice of relevant “observables”
is the assumption that we are considering the behavior
of the two-particle system on the coarse-grained time
domain 7, << At < T4, where 7 is the time required for
the onset of the relaxation of the relevant “observables”
and Ty is the time required for the bath to respond to the
motion of the two-particle system and re-equilibrate,

In the linear domain of QSM theory, >*’~*©’ the equa-
tion of motion for the joint energy space-quantum space
distribution is given by

(As?z,,(r, t; At =i E{ f dT'w,y, 4 (T, T'XAT, (1, =2 f dr'rf, u(T, ' Xa%,, (I, 1),
L LY

where

i“’u,u(n r') = - z f dr” Lf}f,f,,,(l", r”)[O’.l(r”, PI)]mn, Rt
myn

6165

(agt, (T, t; 8= 3 fdr'n.‘;,’,,,,(r, ')A, (T, t) (40)
Rk,
and

@dur, == [ dT'0, (T, T, 0, @1)

where {L{ (T, T")} are called first-order Onsager co-
efficients, {0 5,u(T, T)}are the elements of the covari-
ance matrix o, {A,(I’,#)} are Lagrange parameters
(so-called thermodynamic forces), and

(A‘fl,,(l", t)) = (51 ”(r, t)) —(fl”(l", °°)> (42)

are the displacements from thermal equilibrium. In
Eq. (42),

(9, (T, )y = Tr B T, (T, (43)

where fgq is the equilibrium density operator for the
two-particle system plus bath,

The first-order Onsager coefficients are written as

((ly) (0, T )= '-fj(}u)(r r )+L?j (nlx( r, ") ’ (44)

where
LERHE T = =8 [ xSy (r, - i), (T, O, o
45

is a “streaming” coefficient arising from instantaneous
interactions and

at 8
L§ % (T, T =g fo azt[1-(t/At)]f0 dx

X (3 (T, =t =M, (T, Oy 46)

is a “collision” coefficient describing the influence of
microscopic interactions manifested on the time scale
of interest, denoted by A¢. The current operators

”(1" 0) in Eqs. (45) and (46) are given by Eq. (27)
with sn,,(r' 0) =d1,,(1).

The elements of the covariance matrix ¢ are given by
o'ij, kl(r’ r,) = le,kl(r) rl) - <§L“(r, °°)> (ifl,,,(l"', ‘°)> y (47)

where
1 B -~ ’ £
Xi,u(T, T') =71 [0 AN (Fy(T, =i S, (T, 00

(48)

Solving Eq. (41) for the Lagrange parameters by in-
verting the matrix ¢ and substitution of the result into
Eq. (40) yields the following equation of motion:

(49)

(50)

is a frequency term giving rise to oscillatory behavior and

rf,w(T, =3 [ar' g8, oo™ ", ),
myn

(51)
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6156 W. A. Wassam, Jr. and J. H. Freed: Nonadiabatic processes

is a damping term describing the effect of “frictional forces” manifested on the time scale Af, In Eqs. (50) and
(51), [0™(T", I')],, u are the elements of the inverse matrix ¢™!, where the elements of the inverse matrix ¢™! are
defined by

2 [ a0y (T, T N0, TV gy =015, (T = T) .

Equation (49) is our general results for the time evolution of the joint energy space-quantum phase space dis-
tribution. In parts B and C we shall discuss some approximations that will facilitate the application of this equa-
tion. These approximations will give rise to a simpler form of Eq. (49), which is reported in part D of this section,

B. x matrix in the “near semiclassical” limit

Employing Wigner equivalence methods, '!! the elements of the ¥ matrix [see Eq. (38)] can be written
B -~ -~ ~
Xus,w(T, ') =67 fo D\ Trog,asn [ AT Ba(Tol{exp(mE) Ry np(T)] Yexn(~ T o/ D[R np( D)) (52)

where Trqgg, qsp denotes a trace over the internal quantum states of the system (QSS) and the quantum states of the

bath (QSB). As in the discussion of Sec. I B, we have used the superscript w in Eq. (52) to indicate Wigner equiv-
alence with respect to the relative motion of the two-particle system, This notation will be employed throughout

the remainder of this paper.

We wish to consider Eq. (52) in the “near semiclassical” (NSC) limit. By this limit, we mean that half the wave-
length X, for the thermal momentum fluctuations associated with relative motion is much shorter than the length
L, of thermal spatial fluctuations along the relative coordinates. Here, L, =[(§%()) - (§,(=)?]'”? and %, =%/P,,
where P, =[(B3(=)) - (P,(=)*]'/2, See our compansion paper on adiabatic systems* for a detailed discussion of the
X, > 2L, limit, (This limit is equivalent to fulfilling a “thermal Heisenberg uncertainty relation”: ApAg >7#/2.)

The approximation scheme developed here for the “NSC” limit closely parallels the approximation scheme de-
veloped in our companion paper on adiabatic systems.* Thus, for the “NSC” limit, we approximate Eq. (52) as
follows:

B -~ ~ -~
Xes,m(T, D= xF (T, T)= g7 f dA Trqss, asp f dT,pEo(Tp) {exp[IAL (T p) ] Ny np(TIN; ynp(T) (53)
0
where £5 is defined by
£R(r,) = (1/mHg+Heg (T))] . (54)
Performing the integration over T'j, in Eq. (53), we obtain
X, T =Xy u(DS(r -1, (55)
where

8 N N - N “ N
X u(D)=g" Io d\Trqags, qss Ps o D exp {A[Hy + Hsc(D |} N,y exp{= A[Hq + HS(T) P N,

=gt g A\ (NB (=im )N, (050 (D) o
0 EQ
with
RE(=—im) = exp[IMER(TDIN,, =exp{A[Hg + Hio(T)]} Ny, exp{= N Hq + HE(D)]} . (57)

|

For cases in which 2T > (V,,(T)),, the mean interac-
tion between the internal quantum states {|m)}, we ex-
pect the dominant contribution to Eq. (56) to be given by
the term involving the diagonal matrix elements of
piq and the exponential operator exp[+ (Mg +85.)]. As-
suming this to be the case, we approximate Eq. (56) as
follows:

X5, (D)= (3, (T, 006,48, A (@) (58)
where
A,‘(q) = exP{B[Ej(q) —E,(Q)]} =1 (59)

8lE,(q) —E,(q)]
and (J,,(T, «)) is the probability of finding the two-

particle system at the phase point T and in the internal
quantum state j when the two-particle system is in ther-
mal equilibrium with the bath. In Eq. (59), E,(q)

= E3“(Q) is the energy of the internal quantum state i

at the nuclear configuration specified by q. [See Egs.
(7) and (9).)

From Eqs. (53), (55), and (58), it follows that the ele-
ments of the ¥ matrix in the “NSC” limit are given by

Xig (T, T2 X, (DS -1 (60a)
o (9,,(T, ©))5,, 0,4 A ;4 (@)3(T = T') . (60b)

The form given by Eq. (60b) follows provided
BT > (V;,(T))g.
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To make contact with our previous work on adiabatic
systems, * we consider xy, (T, I} in the “NSC limit”

for the case in which the interaction between the quantum

states can be neglected.
Xit, 14(0, TN =X, (D)S(T = T)
=(9,,(T, =N A, (@)s(r - T)
=(3,,(T, =)o(r -T") . (61)

In view of Eq. (60), we write

Here, we have made use of the relationship

:},‘33, AglQ) =1,

As expected, the. result given by Eq. (61) is identical
to that obtained in our work on adiabatic systems.* Of
course, in that work we did not employ an index to
label quantum states associated with the internal mo-
tion of the two-particle system.

C. Approximate form for Lagrange parameters

Here, we consider an approximate solution of Eq.
(41) for the Lagrange parameters in the “NSC” limit for
cases in which 2T > (V,,(T"))g. Substitution of Eq. (60)
into Eq. (41) yields

(adL (T, 1)) = = Xy, 5 (DAL, 1)
+ 2 @ (T, ) [ aT G, =D Ay(T, 0. (62)
k1
Since we have assumed kT > (V;,(T))y, the coherence
between internal quantum states at thermal equilibrium

can be neglected, i.e., {J,(T,«))~0 for i #j. Hence,
we approximate Eq. (62) as follows:

(AF,(T, 0> =X, (DA LT, ) +6,5 2 (Ft,(T )
k

x [ AT/ (G(T, ) Al ) . (63)

It can be readily verified that the solution of Eq. (63)
for the Lagrange parameters is given by

6157
Au(T, ) = =[{aqt (T, 0)/X,,, (D], (64)
where
Xy, 1(T) = (9,(T, ©)) (65)
and
Xy, 14(0) =T, (T, oD A, (@) , (66)

with A ,,(q) given by Eq. (59).

D. Equations of motion in the “‘near semiclassical’’ limit
Making use of Eq. (64), we write Eq. (40) as follows:

(élll(r’ t; At»

== Z; [Ls(f, k2; T) + T, &l DI(Su(T,0),  (67)
L)

where the “streaming” and “collision” operators
Is(ij, kl; T) and T (i, k1; T), respectively, are defined
by

= Tsij, bl T) (91,,(T, 1)
- f AT’y (T, T')( S (T, 1)) (68)
and

- T (ij, bl T) (T, t))=fdl'"K,,,,,(l", ) (@, (1, 0,

(69)
where
5, (T, T ==L 5(L, TV /Xy, (T (70)
and
Kig,u(T, T = = LG T, T/ X, T (1)

The above expression for the “streaming” operator,
Eq. (68) can be simplified in the “NSC” limit by using
the following approximation for the Onsager “stream-
ing” coefficients:

LS4, T)==p f AN Tregs, ass f AT (T o) {exp(IA E4)[N,, n,(T")] Yexp(—inT ,/2) GLY[N,,np(D)]P  (722)

"'LS'NSC(P T )_

where £% is given by Eq. (54).

gt J; d\Trggs sn f AT, o Tp){exp[m BRIV, bep (TN E9LN, , np(D]}, (72b)

This approximation for elements of the “streaming” Onsager coefficients is in

the same spirit as the approximation given in Part C for the elements of the matrix y [see Eq. (53)]

From Egs. (32)-(35) and (72), it follows that

sn(lt)k(r ) ~i:<m“ (T, r,

(73)
where
8
ML, T ==p" J; drTrogs, qss f dTp o o(Tp) { [exp (A ERIN,  Inp(T” )}lﬁo[Nu"n(F)] (74)
B8 s -~
Mg, (T, r)=~p" fo dX TT g5, s f dTp P o(To) { [exp(ix 88) N, I np(I)}i £867[N, 7,(D)] (75)
and
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8 .o~ - N
ME) (T, T)==p" fo dX Trgss; ass f dT pEo(To{lexp (i L2)N, Jnp (TN} L [N, 7 p(T)] . (76)

In Appendix A, we evaluate Eqs. (73)—(76) and show that substitution of the results into Eq. (70) and then Eq.
{68) yields the following approximate form for the “streaming” operator in the “NSC” limit:

3
T (i, k1 r)=Z; oG,k T, ki)
where "
rY Gkl T =G/ B0, -HS5,,) , (78)
r&Gj, kk, T) = /m)(# %455, - H25%,,) cos(iT, /2) , (79)
and
67, kL T)Y=(1/m)[H %56, + HESC 6, sin(nT,/2) , (80)

with T, =V, "V, ~¥,V,, In Egs. (78)-(80), H{, and H;C are matrix elements of the Hamiltonians obtained by
averaging H, and Hg., respectively, over the equilibrium distribution of the bath,

Introducing the approximate form of the “streaming” operator given by Eq. (77), we cast Eq. (67) into the fol-
lowing form:

~ 3
(3, (T, t; A== Z:ll"‘s”(ij, kI T)(9,,(T, )+ EI [dI“'K,,',,,(I", ) (3,,(T, 1)) . (81)
Rk I= R,

Experimental investigation of the dynamics of the two-particle system can be carried out by the use of the exter-
nal disturbances such as a source of electromagnetic radiation. If such probes are employed, we must augment
Eq. (81) with terms representing the influence of external disturbances on the dynamics of the two-particle sys-
tem, In Appendix B, we show that the application of a time dependent classical electric/magnetic field character-
ized by the first moments of the Cartesian components of the electric/magnetic field vector &/#8 requires us to
consider the following external disturbance “streaming” term:

T 967, kl; X9 ,,(T, 1)) ={G/R) (DE)+[d,,(2)5,, - d;4(a)6,,] cos (AT, /2)
+(1/B D)) *[d,,(@)8,, +d;,(Q)8,; ] SIn(BET  /2)H R, (T, 1)), (82)

where D is the electric/magnetic field vector &/# and {d,,} are matrix elements of the electric/magnetic dipole
moment operators i/m.

Introducing Eq. (82), we rewrite Eq, (81) as
4 4 - “
(T[T, 8 A1) == D D TEPGH, kl; THI (T, )+ D f AT,y (T, T X9, (T, 8) (83)
&1 I=1 "]

where I'¢%’ is defined by Eq. (82). If £T is much larger than the mean interaction between the internal quantum
states of the two-particle system, this result should provide an adequate description of the temporal behavior of
the two-particle system in the “NSC” limit,

The result given by Eq. (83) is a generalization of our quantum phase space master equation for adiabatic sys-
tems* to nonadiabatic systems experiencing external disturbances. The relationship of Eq. (83) to our previous
work on adiabatic systems will be discussed in more detail in part E,

It should be noted that Eq. (83) describes both incoherent and coherent transitions in energy space accompanied
by jumps in quantum phase space. The terms involving kinetic coefficients of the type K;; (T, '), j#7 and k#/,
lead to the interruption of coherence between the internal quantum states. Nonadiabatic transitions between in-
ternal quantum states are described by kinetic coefficients of the type K,;, ,,(T’, I'')., These kinetic coefficients
will be described in more detail in part E.

At this point, it is desirable to decompose K,; (T, T') into four contributions:

4
Kll.kl(ry rl) =Z Kl(jl,)kl(r’ r«) ’ (84)
I=1
where
At 8 ~ “ r N
K& u(T, T = =[8X,;, (TN fo dt[1 - (¢/ap)] f AN (=t =TIINTY, = £ =i NN O)N(T, 05, (85)
0
at .3 ~ . . s
K% (T, T = =[8Xy, (T f dat[1 - (¢/at)] f dn (N (=t = TN(T, ~ ¢ = BN, (ON(T, 0)) 5, (86)
0 0
at 8 - > 4 -
K (T, ') = =[BX,, (T fo a1 -(t/an) f ANy y=t = TN(T, = =EN) N (O N(T, 0, 87)
0
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and

K& u(T, )= =[8X, (T )]'lf dt1 -(t/At)]f AN (= t-m)N(r -t -zm)N,,(O)N(r 0))- (88)
In writing Eqs. (84)~(88), we have made use of the relation

2 = - “ .2
9 4 ,(T, 8) =N, (t) M(T, t) = N, (6 )N(T, £) + Ny, (ON(T, 8) (89)
We shall make use of Eqs. (84)—(88) in part E of this section and Sec. IV.

E. Kinetics

Of particular interest is the form of Eq. (83) for cases in which loss of coherence between internal quantum
states is uncorrelated with the relaxation of the populations of these states. If the dephasing terms are neglected,
Eq. (83) assumes the form

(ST, 8 At)>=-{(%) v +( )[U“(q)+(D(t)) d“(q)]sm(

)}(91,,(1‘ t)>+E f AT'K(j, T' ~i, D) (9,,(T, 1)), (90)

where T, is the mean potential for relative motion in the two—-particle system for the internal state i, d,;(q) is the
magnetic or electric dipole moment of the two-particle system in the internal state i at the spatial configuration q,
and k(j, I'' =4, T') is a state-to-state rate constant for the joint transition (4, ')~ (i, I').

The rate constants K(j, I'' -, T') are defined by

K(j, T ~i, T) =Ky, (T, T = = [LG 8T, T/, (1", )], (91)
which satisfy the principle of detailed balance:

(91T, @DV K(j, T’ ~4, T) = (@,,(F, ) KG, T~ 7, ), (92)
where I'={(-p, q) denotes the time reversal of I =(q,p). Equation (92) follows from the symmetry relation

L&, $(r, T) =15, (T, 1) . (93)

In view of Eqs. (84)-(88), we can decompose the state-to-state rate constants into four contributions:

K(j, T' =i, T) =Ky, 44(T, T')= i: K, (T, 1), (94)

where

K (T, r)=-[8,, (', )] f:‘ dat[1 - (¢/an) f: dxafr,,(-t—im)fv(r’,-t-im)fr,,(o)ﬁ(r,o»;m , (95)
Kﬁ,)u(f‘, r}=-[8 (9‘:‘11(1",”»]-1 J;M dat[1 - (¢/ap)] J: dl(ﬁﬂ('t - iﬁ)\)ﬁ(l“', -t _in)ﬁ,,(o)fr(r, O»BEQ ’ (96)

R8T, T = =18 G, (7, NI [ a1~ /a0 Gt —imON(E, = £ =m0 ORE, O, D)
and

K, (T, T) = = [B(a1,,(T", =)' f dt[1 = (¢/an)] fo P N (=N, = — iR ONT, O . (08)

o1}
In the above, K‘ . ”(1", I’) is a purely nonadiabatic contribution to the state-to-state rate constants. This term de-
scribes a nonadiabatic transition between the ABO internal quantum states j and i accompanied by the propagation
of the two-particle system from the phase point I’ to the phase point I'. The contribution to the state-to-state
rate constants given by K ‘ﬁ. f ,(I‘, I') describes “diffusive” motion in quantum phase space, which may or may not
be accompanied by nonadiabatic transitions between the ABO internal quantum states of the two-particle system.
Below we shall show that for cases in which the interaction between the ABO internal quantum states is negligible,
the contribution given by K }4,’,“(1", I'’) describes transitions in quantum phase space confined to the potential energy
surface for relative motion in the ABO internal quantum state ;. If the interaction between ABO internal quantum
states cannot be neglected, K{} (T, I') includes the effect of nonadiabatic interactions on the “diffusive” motion of
the two-pa.rticle system. The contributions to the state-to-state rate constant given by K% ,(I", I') and

K (T, I') correspond to interferences between nonadiabatic transitions and “diffusive” motion.

If the interaction between the internal quantum states {i2)} is negligible, the current operators {N“} in Egs.
(95)~(97) vanish and N,,( t =iZA) =N, (0). For this case, the only contribution to the state-to-state rate constants
is given by the term K% ,,”(1" I’). Hence we write

K(j, T’ =i, T)=K(I'~T; )5, , (99)

where
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K(r' -1 i)=-[ﬁ<§z,,(r',c))]'1 f“ dt[l—(t/At)],fB dwfr(r',-t-im)fr(r,o»;m . (100)
0 0 EQ

Here, K(I'~ T {) is a state-to-state rate constant for the transition I~ I'" in quantum phase space for the case in
which the relative motion of the two-particle system is confined to the potential energy surface associated with the
ABO internal quantum state ;. In Eq. (100),

p¥y= z(i) " exp(-BH, ) (101)
and
M, £) =exp[+1£G) £1 [ £G)N(T, 0)] (102)

where i£() = (/5 H;,, with H,, denoting the effective Hamiltonian for the bath and relative motion in the two-parti-
cle system when the two-particle system is in the internal quantum state i.

For cases in which the interaction between the internal quantum states {|7)} is negligible, it follows from Eqgs.
(99) and (100) that Eq. (90) assumes the form

<9°A1”(r, t; At))=—{<%>°vq+<%_) [T+ DO - d; ,(q)] sin(ﬁT,,/Z)}(&fl”(I‘, )] +fdr’K(r'-— T; 4) (3,,(T,2)) . (103)

The above result is our previously reported adiabatic quantum phase space master equation! augmented with an ex-
ternal disturbance contribution.

There are a variety of processes in which nonadiabatic coupling between the ABO internal quantum states cannot
be neglected. Examples of such processes include radical pair formation and recombination, electron transfer be-
tween molecules, excimer/exciplex formation and dissociation and spin sublevel decay. For these cases, we must
consider all four contributing terms [K{,, (T, I'), I=1,4] to the state-to-state rate constants. [See Eqs. (94)~(98).]

Of particular interest is the relationship of the nonadiabatic term given by K¢, (T, I'").[see Eq. (95)] to the spa-
tially dependent version of Fermi’s Golden Rule employed in “semiclassical” kinetic treatments of nonadiabatic
processes such as electron transfer between molecules.! To make this connection, we must take the infinite mass
limit of K}’,,(T, T') i.e., allow (x,/2L,)~0. For this case, the time scale for relative motion becomes infinitely
long. The infinite mass limit of K, (T, I') is obtained by writing Eq. (95) in the Wigner representation and allow-
ing (X, /2L,)~0.

We write:
. At 8 R R “ o~
K AT, T) = = [8on,,(T', =N]? L dt[1 —(¢/a8)] fo dX Trqgs, asn j dTppgo(Tp) ({exp[ - i« (s +imn) ] L% N,,(0)}

x exp(—ifiT p/2) {exp[ -84 (¢ +im\) Jnp (T, ) exp(= AT »/2) {[i 2% N,,(0)] exp(~iRT p/2) n (T, O)} (104)
Then taking the infinite mass limit [see Appendix C], Eq. (104) assumes the form

lim K (T, T)=K(j~i; q)6(=T"), (105)
/2L ))~0

where K{j~i; q) is a rate constant for the nonadiabatic transition j -7 with the two-particle system held fixed in
space with the relative coordinates specified by q. This rate constant is given by

K(i~i; q)==[B{I,(@)]! f:t dt[1 —(t/At)]foB d\Tross. qss BEQ(q)zfr,,(-t-im)ﬁ,,(O) , (106)
where

Pea @ =2 exp{— BlHq + Hec()}, (107

151, A=t —irn) =exp{-ilHg + Hl@)]( +im)/ﬁ}15, sexpl+ilHy + He(Q)] (¢ +ikN)/7} (108)
and

1\:"”:(1'/75)[;10*‘1}?0(‘1)’&”] , (109)

with H¢.(q)=H¢(q,p=0). In Eq. (106),

(9}”((1» =Tr ﬁgq(q)ﬁﬁ . (110)

If we assume that the interaction between the internal quantum states { i)} is “weak,” neglect “broadening” of the
energy levels, and then allow Af -, Eq. (106) assumes the form of a spatially dependent version of Fermi’s
golden rule!:

K(j~i,q) = i Z E exp[ - B, ;,(a)] !Vjv(j),iu'(i)(q)lzﬁ[ij, w () - Ei,v’u)(q)] » (111)
730 i)
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where V is a spatially dependent interaction operative
in coupling the internal quantum states{ and j, and

the index v(j) runs over the quantum states of the bath
associated with the internal quantum state j of the two-
particle system at the relative nuclear configuration q.
The energies appearing in the delta function are given
by E, , @ =E,(Q) +€, (@), where E,(q) is the energy
of the internal quantum state j and €,;,(q) is the energy
of the state v(j) of the bath. Both energies are taken at
the relative nuclear configuration q for the two-particle
system,

In arriving at Eq. (111), we have treated the adiabatic
distortion of the bath particle motion through
V8 “lqp, Qp) [see Egs. (15), (16), and (36)] exactly by
introducing the “semiclassical” wave functions

¢, (a5 1q), which are solutions of the following equation:

(75 +05q5) + V§)a, as)ldunlas lg)= €u(j)(q)¢u(j)(QJs|q) ;

(112)
where ¢,()(@z19) and €, ,(q) are parametrically de-
pendent on the relative nuclear configuration of the two-
particle system, with q, denoting the c-number equiv~
alent of the quantum operator QB. Since the relative
motion is classical, the matrix elements in Eq, (111)
are written

Vjv(j),lv’@)(q)s fdQdex wy(x,q)dn‘fm(qalq)

x VINT(X’ q, qB)¢v' [t} )(qB lq)wi (X, q) ’
(113)
where V;yxr is the appropriate interaction term.

Equation (111) has played a central role in so-called
]

6161

“semiclassical” treatments of nonadiabatic processes
in condensed phases.' In the application of Eq, (111)
to electron transfer processes, it is usually assumed
that the process occurs at some critical separation ¢,
for the two particles, The rate constant computed in
this manner is taken to be the rate constant associated
with the electron transfer process.

Unlike the “semiclassical” Golden Rule form given by
Eq. (111), Eq. (95) is a quantum mechanical result,
which is not limited to weak coupling between the inter-
nal quantum states of the two-particle system, In addi-
tion, the expression given by Eq. (95) provides a gener-
alization of Eq, (111) to cases in which the relative mo-
menta and coordinates of the two-particle system can
change during a nonadiabatic transition. Such changes
could be important in liquids. We expect the relative
momenta of the two particles to change as a result of
energy exchange between the internal quantum states and
the relative motion as well as energy exchange between
the two-particle system and the bath, Changes in the
relative coordinates will occur when the system “tunnels’
through barriers formed by the intersection of potential
energy surfaces and when there is “surface hopping” in

-spatial regions where the potential energy surfaces ex-

hibit avoided crossings. In general, we expect impor-
tant changes in the relative coordinates and momenta
when the nonadiabatic interactions are strongly depen-
dent on the relative nuclear configuration and the two-
particle system is free to move in the surrounding
medium.

In Appendix D, we shaw that the full semiclagsical
(FSC) limit of Eq. (95) is given by

. at 8
KPS (T, D)=~ 86, (0, =)o [ at[1 - (¢/a0)] [ d\ Trom,qes [T

X PE%C (Tp K[ exp (- i£F51) iEFC AT (— imn)] [exp(— iEF %)y (T, OH[: 7 Ny, (001 (T, O)},

where ﬁ/f‘,‘, (- #) is defined by Eq. (57), and £F5C is the
FSC Liouville operator given by Eq. (38).

The FSC thermal equilibrium probability density for
the internal quantum state j is given by

<fﬁ”(r, ’ °°))F8C = TrQSS,QSB l3§§c (Fl )ﬁu ’ (115)
where
Pra (T') = Zg's exp{- B[Hq + A (T')]}, (116)

with Zg g, denoting the FSC partition function for the
two-particle system plus bath. If 27> (V;,(I"))y, Eq.
{115) assumes the form

2

G0,y =7 exodes[ 4+, @) L i)

where Zg is the equilibrium partition function for the
two-particle system,

In view of Eqs. (38) and (114), we see that the internal
motion and the relative motion of the two-particle sys-

(114)

r

tem may be strongly coupled in the full semiclassical
limit through nonadiabatic interactions involved in the
last two terms of Eq. (38). The coupling between in-
ternal motion and relative motion is negligible only for
cases in which the two particles are well-separated and/
or in the infinite mass limit. The clamping of the rel-
ative coordinates, as expressed by Eq. (105), for these
cases is the semiclassical analog of the Condon approx-
imation. !4 The physical picture associated with clamp-
ing of both the relative coordinates and momenta is a
nonadiabatic process that may be visualized as a vertical
transition between the potential energy surfaces for
relative motion. (This is often called the Franck-
Condon principle.) For this case, energy exchange be-
tween internal motion and relative motion occurs only
through changes in the potential energy of relative mo-
tion, while the relative kinetic energy remains un-
changed. [See Eq. (111).] In the future, we plan to
undertake model studies to determine the range of
validity of clamping the relative coordinates and mo-
menta,

J. Chem. Phys., Vol. 76, No. 12, 15 June 1982

Downloaded 28 Jan 2010 to 128.253.229.158. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



6162 W. A. Wassam, Jr. and J. H. Freed: Nonadiabatic processes

IV. NONADIABATIC FOKKER-PLANCK EQUATIONS K (LT =MD T, T/ Xy, (1)), (118)
@) 7y (2)
In this section, we employ the stochastic equation of K5 u(l, T E (vr Mr @T, kll‘")/X,, W, (119)
motion given by Eq. (83) for the “NSC” limit to con-
struct a quantum Fokker-Planck equation for nonadi-
abatic systems, and
KT, T )—-Z [V, Ve MY GIT, BLT") /X, (T)]
First we cast the components of the kinetic coefficients K L Fe "Fu " Gl Main (1’21)
K (T, I') [see Eqs. (84)-(88)] into the following forms:  where

K$(r, )= -}:Iv,;,M,ﬁi’(ij T, B T) /X, 14(T)],(120)
H

MG, RIT) = —ﬁ"fomdt[l _(t/At)]j;BdMﬁ},,(-t-m)ﬁ(r’, —t —ifN) Ji}(r’, ~t -z'm)ﬁ/,,(o) N(T, 0))s o (122)
MEPGT, kIT)= foAtdt[l - (t/At)]f: dh(ﬁ,.(— t =i BT, =t =ifN) Ny (0) Iy, (T, 003 (123)
At 8 s

MEGT, BT )= -p fo dt[1 - ¢/an] fo AN(N, (=~ -m).?,.;‘(r', —t =) N, (0)N(T, 03z q» (124)

and
}J;.. G RITY =5 f dtf1 -t/At]f AN, (- t—zh’)»)Jru (r', -t -zm)N,,(o)Jr (T, 003554, (125)

with the quantum flux operators th defined by*

T, (D)=, M(D) (126)
and

J,,() - MDD, . (127)

Here, we have introduced the six-dimensional vector Vp=¥,1,+V,1,.

Introducing Eqs. (118)—(125) into Eq. (83) and performing moment expansions of each MY’, we cast the collision
term of Eq. (83) into the following form

=T, ;D) (9, (T, 1)) = Zfdr Ky, u(T, T') @, (T, ) = 2 TEe (i, R T, (T, 1)), (128)
where
Péll.-)p(ij, kl; F)(fﬁ.,,,(l", t)) Z; ZOA(Slszssrl’rzra)
3 32- 33 fl Tz "s
ra)
1 sz 3 <71 r3 m (318233711’21’3,1]kl 1")] A } 129
Ve Vo Vo %1 Vs V{[ X, (D) ST, 00 129)
T8, 3, kl; T)@, (T, £)) = 2 z; Z;’ > A(S,8,84717573)
1= 82 = r r3
V’l v‘z v Vn V;z Vi, {[mr, (s15285717273; 19k, F)](&ﬂ(r, t))} , (130)
X, 1(T)

P&.(, kl; T) (O, (T, 1)) = Z‘b : 2 i; 2 2 iA(slsasarlrzrs)
5770 3,70 830 7720 £,=0 ¥g=0 W=

2

13) s R
V Vsz VSa vrl Vrz Vp': { [m r, (s15283717,573; ijEL, I"):, [Vru _ Vruln Xhl.”(r‘)] (f)l”(];‘t))} (131)

Xz,14(T)
and
T 67, kI T) O, (T, ) = 2 z; P t}:A(slsassrlrzrs)
3120 8520 55=0 7,20 ro=0 o =0
1(4) iy .
V V-’z Vas V'l vy Vrs vp mr, (51838371 727s; Tk, F)][vr —Vp InXy (D] {5(T, t))} ) (132)
2 P3 t Xkl ”,(F) J u u ’

In Eqs. (129)-(132),

(133)

(_ 1)(31‘32’33"1"2"8)
Va) =
A(SISZSa'rlrz 3) 81!3213317’1!7’2!73!
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(49 4]

and m'‘? are the moments of #‘?, which are given by

m'! (sy828371727s; ijkl, T) =fdrle(ij T, kIT) (q{ -611)81 (lh; —Qz)sz (q; "(13)33 (17; —P1)rl (Pé -Pa)rz (s -Ps)'s- (134)

The general forms for the moments are quite complicated, so we present only the results for m, ‘¥ (5kl;T):
iy ’

At 8
Mgy (51828571 727s; Gik1, T) =7 de[1 - (¢/an)] f dx C,,kpl(s,szssrlrzrs; ikl T; =t ~ihN), (135)
0 0

where

s s T r T
CP rs (313233717’21’3; ijkl, 1"; -t -zﬁ)\) = z: 2 : 2 : z: (— 1)( Riekyhylystgely)
i 2=0 k=0 k=0 {20 =0 15

S1\ /S2\/Ss\/"1\/"2\ /73 . - -
(kx)(k)(ks)(ll)(lz)(ls) ahaizaispiip PR~ =im)J, (T, ~ 2 —ikNN,,(0)

X [@{5177(0)§§52"2N0)QE3®(0) exp( - iV * ¥ /2)Pir10(0) P2 #2X(0) B{rs 3] lgk(O)hm . (136)

From the above results, we find that our stochastic equation of motion given by Eq. (83) can be cast into the form
of a quantum nonlinear Fokker-Planck equation for nonadiabatic systems:

O (T, 80y =2 2 [= TP G, kI; T) + T80, T, D50, (T, 1), (137)
&2 I=1

where T} 5(ij, kI; T) are the components of a generalized Fokker—Planck operator, The component I}, describes

both coherent and incoherent transitions in energy space, which may be accompanied by jumps in phase space. The
moments m'‘" provide a measure of the length of these jumps. The components I'%p and I'Syp represent interfer
ence between transitions in energy space and diffusive motion, The range of these interferences is measured by
the moments m’'® and m'® . The diffusive motion is generated by I'{2;. This diffusive motion may or may not be
accompanied by coherent and incoherent transitions in energy space. The moments m'® provide a measure of the
range of the correlation between the spatial and momentum fluxes in quantum phase space.

If the following assumptions are introduced, the nonadiabatic Fokker-Planck equation given by Eq. (137) can be
reduced to a linear form,

(1) The interferences between transitions in energy space and diffusive motion described by 'y and I\ are

negligible,

(2) The jumps in quantum phase space accompanying transitions in energy space are sufficiently small so that

only the zeroth order moment in I‘&fp needs to be considered.

(3) The correlation between spatial fluxes as described by M,‘:’ql are neglibible,

(4) The correlation between spatial and momentum fluxes as described by M,‘:’,‘ and M;f.’,l are negligible,

(5) The correlation between the momentum fluxes described by M;i)f’z are sufficiently short ranged that only the
zeroth order moment needs to be considered,

Introducing the above assumptions, Eq. (137) assumes the form of a quantum mechanical linear Fokker —Planck
equation for nonadiabatic systems.

STt 8= 3 i; TP(, B5T) Gy (T, 0+ 2[Ry 01 (D) + T, 21D Gy (T, 2, (138)
k1 I= k1
where
Lt 8 N “ <

Ry, u(D)==[BX (D] fo dt[1 - (t/an)] fo dA (=t —iEN) N(T, —t ~imA) N (0 4 (139)
and

Pyrolif, B T) =V, 804, k1; T) *{V, + [BpR(k1)/ 1]}, (140)
with P (kI) denoting the renormalized momentum vector defined by

pr (B =—(u/B) V, In X, ;,(T) (141)
and

At ] - ~ “ N .
8:(ij, kL; T) =[8X,,;, (D] fo dt(1 —t/at) fo AN Ny~ = im) N(T, =t =il F(=t — i) N, 0 F0),, . (142)

Here, Fisa quantum force vector with the components f, = -15,.
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In Eq. (138), R and I',;p are quantum mechanical collision terms that lead to damping. R is a relaxation matrix
that describes the interruption of coherence and nonadiabatic transitions in energy space at the phase point " in
quantum phase space, Iy is a linear Fokker-Planck operator with a friction tensor &, that depends on the in-
ternal quantum states of the two-particle system. This dependence reflects the perturbing influence of internal
motion on the forces leading to momentum relaxation.

In the FSC limit, Eq. (138) assumes the form

(‘Ji,(r, t; b)) = ;[— TESG, k1; T)+ REPS,(D) + TS (3, k2; T)] Gy (T, 8)), (143)

where
I55¢(ij, kL; T) = (i/R1{[Hy, + H;2C(T) +(D(2)) + d,,(@)15,, = [HS, + HB3C(T) +(D() - d,(@)]6,,} + (1/28)[v, H2C(T)5,,
+VHPO)S,, ) v, ~ (1/20)9 {[H;5S(T) +(D(1)) * 4,,(0)15,, + [H;*S(T) +(D(t)) - d;,(@)]5,,}* v, ,

(144)
8
RIS = = (KRN [ a1 = (/0] [ T 5 BT
x ({exp(— i£7SC )i 8F3CNE(~ ihn) |Hexp(~ iEF5t)n,(T, O)][i£75°N, ()] , (145)
and
TE8S (3, kL, T) =V, - 87535, k1; T) « [V, +8(p/u)] , (146)
with
7:.%4 B
87%°(ij, k1; T) = [BXEES(D)] fo atl1 - (t/a8] fo dX TT s, mn f dT ppr (T p)
x {[exp(~ iEF3CHNE(~ ih\)[exp(~ i£F8Ct)n,(T, 0)][exp(= iLFSC)FEEC(0) 1N, ,(O)FEE(0)} (147)

Here, the FSC force vector F;°C has the components Fp°f =

- PE8C with PLS¢ =if*5cp, ,. [See the discussion in

Appendix D for the FSC limit of the rate constants given by Eq. (95). The FSC limit of Eq. (138) is obtained in an

identical fashion. ]

If we introduce the assumptions that (i) the nonadiabatic interactions are independent of the relative momenta and
(i) the spatial variations in the matrix elements of the electric or magnetic dipole moment operator d can be ne-
glected, the FSC streaming operator given by Eq. (144) reduces to

r‘s'sc(ij’ kL, T)= (1/”){[ﬁﬁ +}7<ja‘.SC(r) +<D(t)> * du(q)]éu = [I—{ioh +177’is°(1") +<D(t» ¢ du(Q)]éu}

+(1/K)8,,5,,(p/u) * v, - (1/27)[ H;;2%(q)6,, + VH22%6,,] .

For this case, the FSC linear Fokker~Planck equation
given by Eq. (143) assumes the form of previously re-
ported stochastic Liouville equations®!? augmented with
external disturbance and irreversible kinetic terms.

The result given by Eq. (138) is a quantum analog of the

stochastic Liouville equation given by Eq. (143).

One can easily show that RY7%,(I") reduces to the Gol-
den Rule state-to-state rate constant given by Eq. (111)
in the infinite mass limit for cases in which the inter-
nal quantum states are weakly coupled. It follows that
Eq. (143) provides a unification of the “semiclagsical”
kinetic! and “diffusional”® points of view. However, the
present results differ from those given in the more
traditional “semiclassical” kinetic scheme,! which ne-
glects both reversible and irreversible terms leading
to the change in coherence between quantum states.

The result given by Eq. (138) containg quantum correc-
tions to both “semiclassical” kinetic and “diffusional”
descriptions of nonadiabatic processes.

In the usual stochastic Liouville approach? to nonadia-
batic processes, transitions between internal quantum
states are generated through the streaming terms in Eq.

(148)

r

(148). These reversible terms must be modulated by
the bath in order to induce nonadiabatic transitions.

A more rigorous approach must include processes in-
volving energy dissipation from the nonadiabatic transi-
tions into a combination of the relative motion of the
two -particle system and the bath as the system passes
from one potential energy surface to another., The
present work includes such processes in the relaxation
matrix R,

Unlike some treatments, the present theory does not
confine the “diffusive motion” to some outer spatial re-
gion and restrict the occurrence of transitions in energy
space to some inner spatial region®!® or critical sep-
aration between the colliding particles,! In the future,
we plan to undertake model studies intended to examine
the validity of this sort of gpatial partitioning.

V. CONCLUDING REMARKS

In this paper, we have presented a quantum sto-
chastic theoretical formulation applicable to nonadia-
batic processes in condensed phases and on surfaces.
Particular attention was given to the development of a
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joint energy space-quantum phase space theory for non-
adiabatic processes involving the fragmentation of two-
particle systems and/or the “collision” of two particles
with internal degreesof freedom. The model adopted
by us for two-particle systems is general enough to
handle such processes as radical-pair formation and
recombination, electron transfer between molecules,
and excimer/exciplex formation and dissociation. This
model is also applicable to the problem of spin relaxa-
tion of diatomic molecules on surfaces. !

Employing the linear domain, “near thermal equi-
librium,” of the QSM approach® to time dependent pro-
cesses, we obtained a general joint energy space-
quantum phase master equation [Eq. (49)] for non-
adiabatic systems, The master equation was simpli-
fied by introducing a “near semiclassical” limit as-
sumption, (This is equivalent to fulfilling a “thermal
Heisenberg uncertainty” relation; ApA7>%/2.) This
enabled us to bring the general result into closer con-
tact with “semiclassical” kinetic and “diffusional”
theories for nonadiabatic processes.

The “near semiclassical” limit (X,/2L,) « 1 requires
the two-particle system to satisfy the condition that the
length L, of thermal spatial fluctuations along the rela-
tive coordinates be much greater than half the wave-
length X, for thermal momentum fluctuations associated
with relative motion. We do not expect this condition to
be too restrictive for realistic three -dimensional sys-
tems. Consider a simple diatomic molecule, The
relative motion is given by its 1° of vibrational and 2°
of rotational freedom. Under normal experimental con-
ditions the temperature will be sufficiently large so that
the rotational levels form an effective continuum on
the energy scale #T. For such cases, the inequality
(Xy/2L,) <1 should be well satisfied.* Then, the “near
semiclassical” results should provide an adequate de-
scription of quantum effects in nonadiabatic processes.
For cases in which k7T is less than the energy separa-
tion between the lowest and first excited “vibrational”
level of a local potential minimum, we expect the “near
semiclassical” results to give a better description of
quantum effects for spatial regions above the zero-point
level than for the spatial region below this level.

Invoking the “near semiclassical” limit assumption,
we obtained a simpler version [Eq. (81)] of our joint
energy space-quantum phase space master equation,
This result was utilized in the construction of a quantum
stochastic form of kinetics [Eq. (90)] for joint energy
space-quantum phase space. Our simpler master equa-
tion was also used to obtain a quantum analog of the
stochastic Liouville equation? [Eq. (138)] augmented
]

6165

with external disturbance and irreversible Kkinetic terms.

It was shown that the present work provides a unifica-
tion of the “semiclassical” kinetic and “diffusional”
points of view with additional improvements. The most
notable improvement is the development of a theoretical
framework for examining the role of quantum effects
not considered in “semiclassical” kinetic and “diffu-
sional” theories. In addition, the present work suggests
that an improved stochastic Liouville description of
nonadiabatic processes must include the effect of non-
adiabatic irreversible motion involving the interruption
of coherence between internal quantum states and ener-
gy exchange between internal motion, relative motion,
and the bath,

In the near future, we shall undertake model studies
to examine the role of quantum effects in radical pair
formation and recombination in liquids as well as the
role of quantum effects in the spin sublevel decay of
small molecules on surfaces.!’ The results of these in-
vestigations will be reported in future papers. As men-
tioned above, the present work is also applicable to
such processes as electron transfer between molecules
and the dynamics of exciplex/excimer formation and
dissociation in condensed phases, These processes are
also worthy of future investigation.

APPENDIX A: STREAMING OPERATOR IN THE
“NEAR SEMICLASSICAL LIMIT”

Here, we consider the derivation of the approximate
form of the streaming operator given by Eq. (77) of the
text for the “near semiclassical” limit. The results
will be applicable to cases for which kT > {V,,(T"))5, the
mean interaction between the internal quantum states of
the two-particle system.

For cases in which &7 > (V,,(T'))5, we can approxi-
mately factorize the equilibrium density operator pgq as
follows:

Peq ~Piabia » (A1)

where pg q and ﬁgg are the equilibrium density operators
of the two-particle system and bath, respectively.

From Eq. (A1), it follows that the Wigner equivalent
of pgq is approximately given by

f’gq(rn) o ﬁgbw(ro)ﬁgc; ’ (A2)

where p34°(T",) is the Wigner equivalent of the equilib-
rium density operator pjq.

Introducing Eq. (Al), we write Eqs. (74)~(76) of the
text in the following forms:

8
D (T, T)=-5"1 fo dr f dTp Tt ss, asnPa s (T p)PE o fexp[MH, + Hyc)IN,,

x exp[- 7‘(;10 + ﬁ;c)]”v(rl)}{(%) [ﬁos N{J]—”D(r)} s

8
W;‘?fu(l“,l“’)=—3‘,£ d)\fdroTrqss,Qsaﬁgbw(rp)

X ﬁg Q{exp[)‘(ﬁo + I;;,C)]ﬁlk exp[— A(I}Q +I}:c)]”p(rl)}{(:?> [I}:c’ ﬁu]- COS(ﬁTD/2)nD(r)} ’

(A3)

(Ad)
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and
, 8
MD)W, 7)==t .l; dkfdrb Tr qss,ae8 Pz & (Tp)
x ﬁgQ{exp[h(I?o + }};’c) ]ﬁu exp[- A(i’ic) + I}:c)]”v(r ’)}{(%) [I}:c’ ﬁ”] * Sin(ﬂTD/Z)nD(r)} ) 49

Since we have assumed kT > (V,,(T"));, we expect the dominant contributions to Eqs. (A3)~(A5) to be given by
those terms involving the diagonal matrix elements of p§4° and the exponential operators exp[+ A(HQ +H§’c)] Intro-

ducing this assumption, we write

2T, T7) > - ( ) S o8, (Tp, DA Ins(C 6, B -y B Inn(T)D (A6)

Wf?fu(l", ) "(%—')/drn«fiu(rm o)A () np(T N[0, BB (T p) = 6, B (T p)] cos(t T p/2)np(T))) (AT)

93 (T, ) —(,1;) A o5 T, A al@ o (TS 1 BA(T,) + 6y HAST )] ST/ 2mp(TI) (A8)
where

_ expi{B[E,(q,) — Ex(qp)

Anlap)= 8(E;(qp) ~ Ei(qp)] (49)
and the mean Hamiltonians H® and H5C are defined by

ﬁQETrmaﬁgQéo (A10)
and

H%S(r,)= TregsPBo He(Ty) . (A11)

The approximate form of the “streaming” Onsager coefficient is obtained by using Eqs. (A6)-(A8) and Eq, (73)
of the text. The resulting form for L}, ,,(T', I'’) is substituted into Eq. (70) and then Eq. (68). Performing these
operations, we obtain

T (5, kl; TG, (T, 0) = [ a0 B, T)/Ky, o0 (0 (T, 1)

_(L) f ar’ <g‘z,,<(srz‘k’1(£)§ .;),),(q o f dT (T, (T, DA @) (D)6, HS - b, B Jnp(D)},  (A12)

T & (4, kl; TR, (T, ) = f dr’m—;(’mi"%%—)mk,(r’, t))=—(;;) f ar’ (ﬁ,,i?k’l,%)s.?,)k(q’)

derp@lu(rm °°)>A1A(QD)"D(PI){[611 F:f'sc(rp) -0y fo'sc(rn)] COS(Z%TR) nD(I")} ’ (A13)

T 93, kl; TXR,(T, 2) fdr'%ﬂm.(r f) =~ (ﬁ> far’ <m,,<(91£k,(%))§?,),,(q’)
derp(ifl.,,(l"u, w))Alk(rp)nD(r,){[éjt HSO(Tp) + 8y Hy5C(T )] Sm(%”')"n(r)} . (A14)

Making use of the relations {see Eq. (35)],

HC(T'p) cos(AT p/2)ny(T) =HEC(T) cos (BT /2)np(T) (a15)
and

H3S(T ) sin (BT /2)np(T) = — H3S(T) sin (BT, /2)np,(T) , (Al6)
and performing the integrations in (A12)-(A14), we obtain the results given by Eqs. (77)-(80) of the text.

APPENDIX B: EXTERNAL DISTURBANCE TERMS

Here, we augment the equations of motion given by Eqs. (40) and (41) with terms representing the influence of
external disturbances, denoted by {{(€,(#))}, on the two-particle system. The basic scheme for incorporating exter-
nal disturbances into the theory described in Sec. III is given elsewhere.3®~%¢) In the following, we present only
the pertinent results.
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1. Phenomenological currents

For sufficiently weak external disturbances, we add to the phenomenological currents [see Eq. (40)] the fcllowing

external disturbance contribution:

(A, (T, & Agyr ~ D LY, (DA, (0 +D ; f ar'(L

where the index @ runs over the external disturbances,

Breqem(T T+ LTy, (T, T)A A, (T, 0), (B1)

‘(?E ()= ij.(ell(r)+ L0, (B2)
and
L, 0, D) = L8 (T, T + 162 (T, T (5%
with
L§;® T, T) = [M5; 8 (T, T')E (=) + M5 D (T, T] 54
In Eqs. (B2)-(B4), M}l =L5; ) and M{;{) =L§; L) are defined in the text [see Egs. (45) and (46)]. We have
L) == [} G- 0,0, Oy o
LGB =6 f dt[1 - (¢/at)] f ANE (- t - N3 (T, sy (B6)
0=8 hod ’ . - - 2
ISJ.(eza,kt(r r )——B'lf ar )‘il./(; ATy (T, = iFiAg) €6 (= M) (T, 0))31:@ ’ (B7)
and
@ ' g [ Yot N PN € d
ME® (T, T =f [O atl _(t/At)]fo dn fo drg (T (T, = t = TNy €a(= = TN T, (TN, (B8)

where €, is the quantum operator corresponding to the external disturbance.

2. Equations for Lagrange parameters

For sufficiently weak external disturbances, the mo-
dified equations for the Lagrange parameters are as
follows [see Eq. (41)]:

(D& (0 = = D00, A, (0

- fdl" Op gt (DA, (T, 8) (B9)
i
and

(AR, (T, )y ==, fdr’ 04y,m(T, TA (T, )
Ryl

=2 01,6, (DA, (D) (B10)

where

8
Oeqe, =B f NCXRCL 2V (1) P (B11)

B -~ -~
Gy ots(T) = fo dr (T (T, - #AE (00, , (B12)
and

o,,,,a(r)=5-1 {Bda (Aeu(—ﬁh)Afﬁu(l‘,O));EQ (B13)

3. Application of electromagnetic fields

Here, we take the external disturbance to be a radia-
tion source characterized by the average values of the

[

Cartesian components of the electric field vector é 16
For this case, the quantum operators for the external
disturbance are given by {¢, = §,=e,' §; 0 =x,y,2}.

It should be noted that the Hamiltonian appearing in
the correlation functions given by Eqs. (45)-(48),
(B5)~(B8), and (B11)=(B13), contain a contribution due
to the interaction between the applied field and the two-
particle system. We assume this interaction to be given
by the electric dipole term (i.e., electric dipole ap-
proximation)

ARY —?Z}[Ii)ﬁ.,(j 11- 6, (B14)
where p;,={ | 1j), with p denoting the electric dipole
moment operator.

Hereafter, we shall neglect the “collision” terms
given by Eqs. (B6) and (B8) due to the coupling between
the applied field and the two-particle system, 17 which is
agssumed to be weak. In addition, the electric field as-
sociated with the light source is assumed to be classical,
This allows us to rewrite the expressions given by Eqs.
(B5), (B7), and (B11)~(B13) by making the substitution
€o(-inr) = 8,, where &, is the classical dynamical vari-
able corresponding to the ath component of the classi-
cal electric field vector §.

Introducing the substitution €,(i%2) =¢,, we write
Eq. (B11) as

Osasy = (8, 8o(0)) = (8,()) (8,()) = (82(=))0,, . (BL5)
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Here, we have used the result (&, (~))=0.

If the interaction between the external disturbance
and the two-particle system is weak, we can write [see
Eqs. (B5), (B12), and (B13)]

L§; (D) = = (6, (=) (3, (1, =)y =0 , (B16)
Ogar11(T) = = (884 ()} (AT, (T, =)y =0, (B17)
and
015,55 (T) = = (A& (=) (AT, (T, =) =0 . (B18)

Treating the light source as a classical system, ne-
glecting the “collision” terms in Eq. (Bl), and making
use of Eqs. (B15)~(B18), we obtain'? [see Egs. (B1),
(B9), and (B10)]

(A9 (T, £; A)EXT

~2, ;fdr M5P W0, T, (OA(T, 0,  (B19)
<8a(t)> == @i (°°)>Aga(t) ’ (B20)
and
(Aiﬁu(l",t))e—ZfdP'o,j,k,(F,P')Ak,(l“', H. (B21)
Ryl
In Eq. (B19),
M8 (T, T)
B -~ -~
o~ _;3-1[0 AN, (T, — N8, (T, sy (B22)

Adopting the methods employed in Appendix A to eval-
uate the disturbance-free streaming terms and making
use of Eqs. (B19)-(B22), we obtain the following exter-
nal disturbance contribution to the “streaming” term:

- DT O, kl; T)9,(T, 1)), (B23)

Ryl

@, (T, £; AHYFXT =
where

r“)("'],kl = (h—)<g(t)) [““(Q)bik “{k(Q)éﬂ]COS(ﬂTM/z)

+(%) (60 * [ 51 (@5yx + 11a(@0,)sin( T, /2) . (B24)

It we write (6,(t)) =8, cos(w?) and take the infinite
mass limit (see Appendix D) of Eq. (B24), we obtain

i3, k1)

= (2) 8" (11(@81 ~ s @8 Jeos(ot) . (B25)
This is the usual semiclassical result for describing a
quantum system driven by a classical electric field.
The result given by Eq. (B24) contains quantum correc-
tions to Eq. (B25) due to spatial variations in the ma-
trix elements of the electric dipole moment operator.

The form given by Eqs. (B23) and (B24) is also ap-
plicable to systems experiencing applied time dependent
magnetic fields. One need only replace & with the mag-
netic field vector B and p with the magnetic dipole mo-
ment operator m.

W. A. Wassam, Jr. and J. H. Freed: Nonadiabatic processes

APPENDIX C: STATE-TO-STATE RATE CONSTANTS
IN THE INFINITE MASS LIMIT

Here, we consider the infinite mass limit of the
state-to-state rate constants given by Eqs. {95) and
(104) of the text. To obtain this limit, we shall employ
the Wigner equivalent form, Eq. (104), of the rate con-
stant given by Eq. (95).

First, we consider the Wigner equivalent form of the
equilibrium density operator p3q(I'y), which is the nor-
malized solution of the following equation:

aﬂ‘“(ﬁ)
R

where £2“(8) is the Wigner equivalent of the exponential
operator exp(- gH).

— A + A8, cos(BT,/2)]64(8) , (c1)

Recall that the Wigner equivalent form of the Liouville
operator is given by [see Egs. (32)-(35)]

Lo= (%) Hy - (%) HS sin(ATp/2) +<;1—1_) A& cos(BT /2)
(c2)
Now, we introduce the length parameters X, the
wavelength for thermal momentum fluctuations associated
with relative motion, and L,, the length of thermal spa-
tial fluctuations along the relative coordinates. Here,
Ly = (@) - <Q((°°)> 92 and X, =7/ P,, where P,
= (Bi=)) = (Py))D)2.

Scaling the relative momenta and coordinates, re-
spectively, as p=p/P, and §=¢/L,, we write Eqgs.
(C1) and (C2) as follows:

22 _ {HQ+HcCOS [(%)T]} a8 (c3)
and

-3 -3 en(52)7)
(@)ren[(E) )

Ip=V; .V; =V; .V;
where T Vi, Vi = Vi, Vi, -

(Cq)

Taking the infinite mass limit, (x,/2L,)~0, of Egs.

(C3) and (C4), we obtain

B%NB(B) —[Hy+ H104(8) (C5)
and
8o =(%) g+ A8 . (ce)

Making use of these results and

Ky
lim exp(-inTp/2)= lim exp [— ( )TD] =1,
@, /2Ly)=0 Xy /20470 2L

(cn)
we cast Eq. (104) of the text into the form given by

Egs. (105) and (106).

APPENDIX D: FULL SEMICLASSICAL LIMIT FOR
STATE-TO-STATE RATE CONSTANTS

To obtain the full semiclassical (FSC) limit of Eq. (95)
of the text, we must first obtain the forms of pgq and
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£* in the FSC limit. Expanding Egs. (C3) and (C4) of
Appendix C to first order in (X,/2L,), we obtain the
FSC results:

F8C ~ - ~
%&_@) = -[Hq + HS19275°(B) (D1)
and
grsc_(1 (AZ+H%™) + 3 v gtV
T\E Q 8C 2/ "ep~8C ?p
i [y, +
-(§> Vo, A58 Vo, (D2)

From Eq. (D1), it follows that the FSC limit of the
equilibrium density operator, the normalized solution
of Eq. (D1), is given by Eq. (116) of the text,

The FSC limit of Eq. (95) of the text is obtained by
introducing Ehe fo}lowing replacements into Eq. (104):
B~ Pre, £9~ £¥5¢) and exp(-#iT,/2)~1.

It should be noted that the appearance of the imaginary
time variable %X in the quantum correlation functions
is a direct consequence of the noncommutability of the
number operators N, and N(T) with the full quantum
Hamiltonian H. In the full semiclassical limit, the
quantum Hamiltonian becomes a classical function of the
relative coordinates and momenta, Consequently, we
make the additional replacements N,,(— i)~ N, (- i)
[see Eq. (57)] and ny(T, i#)) ~np(T, 0) in Eq. (104).
The result of these replacements is Eq. (114) of the
text.
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