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The dynamic effects of pair correlation functions (pcf) on spin relaxation by translational
diffusion in infinite two-dimensional fluids are considered explicitly through a Smoluchowski
equation, for the usual conditional probability, with appropriate boundary conditions,
especially at the contact separation of the interacting pair of molecules. The solution of this
equation by finite difference techniques permits the calculation of time correlation functions,
spectral densities, and spin-relaxation rates associated with a dipolar relaxation mechanism
between the spin-bearing molecules. Comparison of the two-dimensional spin-relaxation
results obtained with different pcf is presented. The spectral densities and spin-relaxation rates
are indeed found to be significantly altered by the pcf. For example, for a nonuniform pcf, the
two-dimensional spectral densities, at (and above) the Larmor frequency w,, are greater for
translational correlation times 7, that are an order of magnitude faster than 7, = w, ! which
provides the maximum spectral density in bulk theory. This fast motion result is consistent
with the two-dimensional dynamical results found by other techniques. Moreover for a
nonuniform pcf and a single translational correlation time, two well-defined minima are found
in the variation of the spin-lattice relaxation time with the diffusion coefficient. This could be
very useful for interpreting the spin-relaxation data of diffusing complexes in clays,

intercalation compounds, and bilayers.

I. INTRODUCTION

The usual theories of spin relaxation by translational
molecular diffusion whether for three-dimensional' or two-
dimensional®* systems do not properly include the pair cor-
relation function (pcf) into the dynamical description of the
spin-bearing molecules. Hwang and Freed® have included
the radial pcf in the molecular dynamics through a Smolu-
chowski equation for the usual conditional probability with
appropriate boundary conditions, especially at the contact
separation of the interacting pair of molecules. They have
solved such an equation by finite-difference techniques and
have shown a significant enhancement of dipolar correlation
functions and spectral densities for bulk liquids in compari-
son with previous treatments.

For two-dimensional systems, inclusion of the pcfin the
spin-relaxation calculations becomes absolutely necessary
owing to the additional steric hindrance that the interacting
molecules pose to their diffusive motions at short intermole-
cular distance and the enhanced reencounter probabilities
which drastically increase the effective period of interaction.
In order to take account of such a pcf in two-dimensional
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planar systems we apply, in this paper, the method of Hwang
and Freed for bulk liquids. This enables us to calculate the
dipolar correlation functions and spectral densities for uni-
form and nonuniform pcf. The spectral densities and spin-
relaxation rates are indeed found to be significantly altered
by the pcf. For example, for nonuniform pcf, the two-dimen-
sional reduced spectral density at and above the Larmor fre-
quency m, is greater for translational correlation times
7, = 0.1/w, than for 7, = 1/w, contrary to the usual three-
dimensional results. This is consistent with the interpreta-
tion given in a previous work on spin relaxation and quasi-
elastic neutron scattering of heterogeneous systems
physisorbed on solid surfaces.® Moreover, at high frequency,
i.e., (>w,), such a two-dimensional spectral density spreads
effectively over a larger band for fast motions than for slow
motions, which is just the opposite of the three-dimensional
case. Another consequence is that the low frequency loga-
rithmic divergence predicted in previous works®® 3@ jg
now found to be significantly reduced in importance. Final-
ly, we present the theoretical variation of the spin-lattice
relaxation time with the translational diffusion coefficient D,
for different orientations B of the normal to the plane of
diffusion relative to the constant magnetic field, in cases of
both uniform and nonuniform pcf. The presence of a highly
nonuniform pef for B = /2 induces fwo pronounced mini-
ma in these variations, with a single translational correlation
time, which could explain the magnetic resonance observa-
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tions of diffusing complexes in solid electrolytes’ and inter-
calation compounds.®

II. DIPOLAR RELAXATION IN INFINITE TWO-
DIMENSIONAL SYSTEMS

In infinite two-dimensional spin systems the
anisotropic pairwise dipolar autocorrelation functions
G “9(7)(¢e{0,1,2}), which describe the persistence of the
fluctuating dipolar energy modulated by the two-dimension-
al diffusion of the spin-bearing molecules, and the spectral
densities J ‘“’(w), can be expressed as

G(q)(T) =n1fdzpofd2PE£q)(0)

X P(p,7|p0,0)8( po) E (% (1), (1la)

©

J N w)=2 ReJ e°"G ‘P (r)dr, (1b)
0

where n, is the number of spins / per unit area, and P is the
usual conditional probability whose form depends on the
model chosen for the molecular dynamics. The E (¥’ (1) are
the fluctuating dipolar terms expressed in the laboratory
frame L with a z, axis parallel to the applied constant mag-
netic field B,. These terms can be conveniently expressed in
the planar fixed axis system M where the z,, axis is parallel
to the normal n to the planar surface

E@n= 3

m=0,+2

qe{ - 232}1
(2)

EP(nyd 2B,

where
E (1) =agyiffp(1) ™%, E FV(1) =0,
E{FV(1) = —a,yifp(r) 3 e ¥,

withe= 4+ 1, ¢y = 1/2v/(3/2), and a, = 3/4. Here ( p,p)
are the cylindrical coordinates in the M axis system of the
vector p between the two interacting spins, and d {2 ( B) are
the well-known Wigner rotation coefficients.’

In order to represent the dynamics of the interacting
molecules we use a Smoluchowski equation.'® This implies
the well-known restriction that the oscillatory-type behavior
dueto the motion in the presence of short range intermolecu-
lar forces is overdamped. Then the molecular dynamics is
properly described for times long compared to the inverse of
the friction coefficient. It would be possible, in principle to
include such oscillatory type behavior through a generalized
Langevin equation'"'? or by a generalized Smoluchowski
equation.”

Within the framework of the Smoluchowski equation
we consider the molecular motions relative to an average
force field due to the intermolecular interactions. Assuming
that the two interacting molecules have similar size and mass
and that the average force F (p) between them is related to an
effective radial potential U( p) and a radial pcf g( p):

F(p)=—-VU(p) =kTVing(p), 4)

one thus approximates P, in Eq. (1), as the solution of a
Smoluchowski equation given in cylindrical polar coordi-
nates by

(3

IP(p,7|pe,0)
ar
with the initial condition

=D[T, + T /p*1P(p,7|ps0),  (5)

lim P(p,7(py,0) = 8(p — po)- (6a)

This Smoluchowski equation has the property that
lim P(p,7|pe,0) = g( po)-

In Eq. (5) D=D, + D, is the coefficient for the relative
translational diffusion and the radial I',, and orientational
', operators are given, respectively, by

(6b)

3 3
T, P(p,7|p,,0) = —1_-{ 2 _P(p,]p,,0
P(p:7|pe,0) =p % pap (p,7]p0s0)

2

Lo P(p7|po,0) = at; 5

An application to two-dimensional systems of the same
procedure proposed by Hwang and Freed® for bulk liquids
leads, after some algebraic manipulations using Egs. (1b)-
(7b), to the following spectral density given in operator
form as

P(p,7|pe,0). (7o)

JP(Bw) = 4mn,vii* Re |d 2(B) |,

m=0,+2
Xf p~*dp{ —D [T, —m*/p?]
d

—iw} 'p8(p), (8)

where «,, is given in Eq. (3). The action of the operator in
bracketsin Eq. (8) can be evaluated in matrix form using the
finite difference technique. This implies giving discrete val-
ues for the intermolecular distances p; starting from the dis-
tance of minimal approach, p,=d, to the assumed maximal
distance py, according to: p, ., = p; + Ap; for ie{0,...,.N}
where the relative increments Ap; satisfy Ap,/d €1. Differ-
ent possibilities exist for such discretization. Due to the pres-
ence of large amplitude oscillations in g( p; ) for values of p,
up to a few times the distance of minimal approach 4 (Fig.
1), we distinguish the p space according to the two following
regions: (i) The region d<p, <p,s, Where g( p,) #1; (ii) the
region p,, <p,<py where g( p;) = 1 and F( p;) = 0. With
such a grid, one can transform the differential operator I',,,
defined in Eq. (7a), as a finite difference operator and the
integral over p as a summation over the index i. Introducing
now the dimensionless variables:

yvi=p,/d, Ay;=0p;/d, f(i)=dF(i)/kT, 9

one can write Eq. (8) in a matrix form as

JP(Bw) =dmnift Y |d3(B)|d,

m=0, +2
X(—7/d%) 3 Ay/yi{wm?
i=0,N

+ @*21} W {g( ,)/¥}H].. (10)
In this equation 7, = d ?/D is the translational correlation
time, 1 is the diagonal (V,N) unit matrix, {g( y;)/p}} is a
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FIG. 1. Comparison of the pcf, g( p) (dotted line), described in the text
with the Monte Carlo computation of a two-dimensional system of particles
interacting with a Lennard-Jones potential (points from Ref. 17). The bold
vertical marks indicate the position of the first three shells of neighborsin a
perfect hexagonal lattice at the same reduced density 4,. T, = kT /eisa
dimensionless parameter which simulates the ratio of kinetic energy over
the maximum value € of the harmonic potential of the particles relative to
their average position in each site.

(N,1) column vector, and W™ is the tridiagonal “transi-
tion probability” (V,N) matrix between discrete values of p;
previously introduced by Pedersen and Freed'* for three di-
mensions and Zientara and Freed for two dimensions,'’
whose dimensionless elements are given in Table I.

We have chosen for the elements given in Table I:
Ay = 0.025, y, ~6, yy ~60 which gives N ~2500 for the
size of the matrix W. This value for the unique increment Ay
of the grid gives a sufficient precision on the pcfin its highly
oscillating region limited by y,,. Thus a criteria of conver-
gence for the numerical summation, given in Eq. (10), is
that one notes no variation when decreasing Ay for a given
Y- The choice of the quasi-infinite size of the grid y, ~60is
arbitrary and corresponds to an intermolecular distance for
which the calculated value of Eq. (10), for a given frequency
(#0), does not vary when increasing y,. However, there is
a slight sensitivity of Eq. (10) to the maximal size of the grid
(yx ) at zero frequency. The presence of an outer absorbing
boundary condition for the translational part of the last diag-
onal elements, W,y = 0 in Table I, greatly reduces this size

TABLE I. Transition-probability tridiagonal matrix elements.

j=0
Winh = — [2/A0" + p, f (1) /By] — m?
WD = [2/A)% — £(0)/Ay]
with Ay, = Ay/2

O<j<N

Wi ={/A2 £ (8001 ' [1 =y f (D]}

Wf’;‘) = —{2/89 + [2YjAY]_l[J’j+xf(j+ b
—yafU—-D]1+ (m/y;)z}

with Ay, = Ay and f (j) = 0 forj> M,

j=N
W =20
W = — (m/Ay)?
W§vm—) LN = 0

with Ay, = Ay/2.

dependence. The translational parts of these matrix elements
(without the diagonal m” terms) are naturally required to
satisfy the conservation of total probability given by the rela-
tion

> by, W =0, je{0,.,.N}, (11)
i=j—T1jj+1
which becomes equivalent to a reflecting-wall boundary
condition at p, = d.

It is certainly more convenient to solve Eq. (10) by a
single diagonalization instead of directly inverting the ma-
trix for each frequency w. For that we have used a method
which transforms the matrix W™ into a symmetric and
diagonal form C™ by a similarity transformation T >:

C'™ =TW™T™ !, (12)
Equation (10) then becomes
JO(Bw)=4mnift Y [d2(B)| e,

m=0,42

X(—7/d%) Y  Ay/yiT;HCEm/
i, j,k=0N
[(CE™) + 1 )3T 3 ) k. (13)

And the well-known expressions for 7, ! and T, ! are
then”

T Y(B) =2/31U + DE TV ( Bw,) + 4P (B20)],
(14)

T (B =1+ DA [TO(B0)
+ 57370 ( Bw,) + 2/372( B204)],  (15)
with the spectral densities given by Eq. (13).

1. DISCUSSIONS OF THE PAIR CORRELATION
EFFECTS

In order to calculate the spectral densities given in Eq.
(13), we need an expression for the pcf in two-dimensional
fluids. Lado has proposed a numerical solution of the Per-
cus-Yevick equation but only for two-dimensional hard
disks. ' For a Lennard-Jones potential there are only Monte
Carlo computations of the pcf, at various densities,'” which
show a surprisingly “long range” local order close to the
hexagonal packing (see the points in the Fig. 1). For that
reason we have used a simple analytical expression for the
pcf as a superposition of normalized Gaussians centered on
the successive neighboring sites, from a reference molecule,
in a perfect hexagonal lattice at the reduced density A4,

= (2/v'3)/(0d ?) (by comparison with the closed packing
density where 4, = 1), o being the particle number density.
In this expression the Gaussians are multiplied by the num-
ber of neighbors in each shell, and their widths are depen-
dent on the degree of molecular mobility, which is assumed
to increase progressively with the index of the shells. As
shown in Fig. 1 our expression, which is normalized to one at
long range ( p>d), follows relatively close to the values ob-
tained from the Monte Carlo pcf.'”

In Figs. 2(a) and 2(b), we have displayed the time de-
cays of the normalized dipolar correlation functions G ©(7)/
G@(0) and the dispersion curves of the reduced spectral
densities j (w7, ) /7, for B = 0 and three different cases of
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FIG. 2. (a) Semilogarithmic plots of the calculated variation of the normal-
ized dipolar correlation functions G ®(7)/G®(0) vs /7, (wherer, = d*/
D)for B = 0 and different pcf, namely, (i) the pcf of Fig. 1; (ii) the Lado’s
pef from Ref. 16; (iii) the uniform pcf. (b) Logarithmic plots of the calcu-
lated variation of the reduced spectral density j ¥ (w7, )/7, vs wr, for 8 =0
and the same pcf described in the legend of Fig. 2(a).

pef. For the nonuniform pcf one has a longer persistence of
the dipolar correlations at long time than obtained with the
uniform pcf [Fig. 2(a)]. This is due to the additional steric
hindrance that the interacting molecules pose to their diffu-
sive motions at short intermolecular distance. This pair cor-
relation effect persists even at long time owing to
the enhancement of the reencounter probabilities in two di-
mensions'® which drastically increases the effective period of
interaction. Corresponding to this the reduced spectral den-
sities for the nonuniform pcf are increased at low frequency,
i.e., o7,<1 [Fig. 2(b)]. This figure shows the sensitivity of
our calculations to different models of pcf. For example, the
significant differences observed between j{’ (w7, ) computed
with the pef of Ref. 16 and j ®(wr,) computed with the pcf
of Fig. 1 (both calculated with the same reduced density
A,), are mainly due to the shift in the positions of the first
maximum of the pcf in the two models. In Lado’s work,
restricted to the hard-disk approximation,'® this position
corresponds to the distance of minimal approach p = d. In
our calculations, which take into account the molecular in-
teractions, this position corresponds to p = d v/ A4, which is
greater than d. Basically this has the effect of significantly
enhancing the magnitude of {2 (wr,) at high frequency
(@T,>1), since the most effective modes of relaxation in this
frequency domain reflect the shorter range interactions at d.

Korb et al.: Spin relaxation in two-dimensional fluids

On the other hand, one notes a enhancement of the magni-
tude of j @(wr,) in a lower domain 0.1<w7, <1, since the
shorter range interactions are now shifted at d 1/4,. How-
ever, due to the reflecting-wall condition, dP /dp|, _, =0,
all the different models of pcf give the same @ 2 dependence
at a sufficiently high level of frequency.

To clearly separate the frequency » and dynamical 7,
variables in the dispersion curves of j @(wr,), either for a
uniform or a nonuniform pcf, we have displayed in Figs.
3(a) and 3(b) the frequency dependence of j ©(v) for two
different values of 7,, say 1/w; and 0.1/, (@, being the
Larmor frequency characterized by a bold vertical arrow in
the figures). The results for uniform three- and two-dimen-
sional fluids, shown in Fig. 3(a), confirm the very large di-
mensionality effect especially at zero frequency where

J59(0) is greater than j{Y (0) by at least two orders of magni-

tude. As is well known in bulk theory,’? /% (v,) is much
greater for 7, ~ 1/w, than for 7, ~0.1/w,. This is not the case
for uniform two-dimensional fluids where these two j$% (v,)
values are of the same order of magnitude and the associated
curves almost merge [Fig. 3(a)]. The same effect is evi-
denced for /{8 (v,) (¢ = 1,2), thus indicating a very swallow
minimum in the temperature variation of the spin lattice
relaxation time 7. In presence of a nonuniform pcf [Fig.
3(b)], these two latter curves are well separated. Now
79 (v) at and above v, is greater for 7, ~0.1/w, than for
T, ~ 1/@,. This is consistent with the fast motion interpreta-
tion given in a previous work on proton NMR relaxation
studies of heterogeneous systems physisorbed on solid sur-
faces.®
One important consequence of this pair correlation ef-
fect is to create well-defined minima in the variations of T,
[Eq. (14)] with the diffusion coefficient D, as shown in Figs.
4(a) and 4(b). These variations are symmetrical around a

single minimum for # = 0 [Fig. 4(a) ], either for a uniform

10°7 10°7
g(r)=1
1078
e
-
1079
1070 v o7 L 10719
San e
4107194 ) 4730, "> 410710
0 100 2007300 0 100 200 300
v/Mhz v/Mhz

FIG. 3. (a) Semilogarithmic plots of the calculated variation of the reduced
spectral density J ®(v) vs v(MHz) for a uniform pcf. The continuous lines
correspond to the two-dimensional case for 8 = 0 and the dashed lines cor-
respond to the three-dimensional case (from Ref. 19). In each case, we pres-
ent the results for two values of 7,, 1/w, and 0.1/w,, with the chosen Larmor
frequency v, represented as a vertical arrow. (b) Semilogarithmic plots of
the calculated variation of the reduced spectral density J (v} vs v(MHz)
for the nonuniform pcf described in the text. The continuous lines corre-
spond to the two-dimensional case for 8 = 0 and the same values of r, dis-
cussed above.
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FIG. 4. Logarithmic plots of the calculated variation of the spin-lattice re-
laxation time T, ( 8 = 0) vs D(cm?/s) in the uniform and nonuniform (see
Fig. 1) cases of pcf. Here U= 6my*#I(I+ 1)n,d ~*, v,=30 MHz,
d=6.5 A. (b) Logarithmic plots of the calculated variations of the spin-
lattice relaxation time T, ( 8 = #/2) vs D(cm?/s) in the uniform and non-
uniform cases of pcf. In the insert we see the influence of the 7, parameter,

used in Fig. 1, on the amplitudes of oscillations of the pcf described in the
text.

or a nonuniform pcf. This is different for § = 7/2 [Fig.
4(b)] where these variations are highly unsymmetric
around a single minimum, for g( p) = 1, and around two
well-defined minima for g( p)#1. These two minima be-
come more and more pronounced when increasing the am-
plitude of the oscillations of g( p), as shown in the insert of
Fig. 4(b). The observation of two minima of T, with a single
translational correlation time when one includes the pcfinto
the molecular dynamics is certainly the most striking result
of this work. This could explain the proton relaxation studies
of benzene in intercalation compounds in terms of a single
translational correlation time of one type of molecule, in-
stead of two, as it was considered in Ref. 8. This theory could
also be useful in other infinite two-dimensional systems like
the superionic conductors which present such wiggles in
their temperature variations of 7.

Finally we show, in Figs. 5(a) and 5(b), the anisotro-
pies of the spin relaxation rates 7|~ 1(B) [Fig. 5(a)] and
T, '( B) [Fig. 5(b)] for uniform and nonuniform pcf and
fixed values of w,7,. Here again the pcf increases significant-

(a)

T} /U

15 L

10

5L
4 1 1 1 1 i L 1
010 30 50 70 90
,B/degree
(b) ,
30! T /U

—“NWhOITO

1 1 1 J

0 10 30 50 70 90
[ /degree

FIG. 5. (a) Angular variation of the spin-lattice relaxation rate 7', ‘vs B
(degree). Here U’ = {6my*#*I(I 4+ 1)n,d ~*r,} X 10"". The first threc
numbers ( 1-3) stand for the uniform pcf with the corresponding values of
wo7,:0.1,0.03, 0.01, respectively. The last three numbers (4-6) stand for the
nonuniform pef described in the text with the following values of @,7,:0.1,
0.03, 0.01, respectively. (b) Angular variations of the spin—spin relaxation
rate T; ' vs B (deg). See the legend of Fig. 5(a) for the indices used in this
figure.
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ly the magnitude of these relaxation rates and profoundly
alters their angular variations [see the curves 1 and 4 in Fig.

5(a)].

IV. CONCLUSION

We have studied the dynamic effects of pair correlation
functions (pcf) on spin relaxation by translational diffusion
in infinite two-dimensional fluids. This has been considered
through a Smoluchowski equation with appropriate bound-
ary conditions, especially at the contact separation of the
interacting pair of molecules. Finite difference techniques
have proven useful to solve this equation and to calculate the
time correlation functions, the spectral densities, and the
spin-relaxation rates associated with a dipolar relaxation
mechanism between the spin-bearing molecules. Compari-
son of the relaxation results obtained with different pcf has
been presented. The pcf alters significantly the variation of
these relaxation results, with the frequency and the diffusion
coefficient. For instance, in the presence of a nonuniform pef
and a single translational correlation time, two well-defined
minima have been found in the variation of the spin-lattice
relaxation time with the diffusion coefficient.

The method proposed could be useful for interpreting
the relaxation experiments of diffusing complexes in clays,
intercalation compounds, and bilayers.
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