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Expressions for the anisotropic viscous forces transverse to a nematic flow confined in a
straight splay-bend wall are derived under simplifying assumptions. Some possible
dynamic consequences, such as longitudinal splitting of the walls and movement of
asymmetric walls in electro-hydrodynamic instabilities, are suggested. The relevance to
recent experimental observations is discussed.

. INTRODUCTION

The existence of walls associated with flows was postulated by Carr on
the basis of optical observations and magnetic resonance experiments.'
In the following, we use “Carr walls” to imply nematic splay-bend
walls associated with flows.!® According to Carr’s phenomenological
model, the walls are formed in certain electrohydrodynamic and
magneto-hydrodynamic instabilities (EHD and MHD) far above the
threshold for instability. The walls have a width which is small
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i

FIGURE1 Schematic of a Carr wall. The director field lines are drawn on the basis of
optical observations on splay-bend walls which are thought? to be associated with flows.
The flow lines are drawn so as to be consistent with the Carr model and indirect
experimental evidence.

compared to the characteristic wavelength of the instability and con-
fine a strong flow of narrow delimitation. No adequate theoretical
models for the nonlinear regime far above the threshold seem to be
available yet for such instabilities. Further experiments seem to indi-
cate existence of Carr walls in some other EHD’s and MHD’s,%3
possibly in regimes close to the threshold for instability as well. A
possible Carr wall formation very roughly consistent with experimen-
tal observations, so far, is schematically shown in Figure 1.

The present work was prompted by observations on the dynamical
behavior of what could possibly be (asymmetric) Carr walls® and
represents an effort to examine if some of these observations can be
explained by transverse anisotropic viscous forces (TAVF) in walls
(see below). Section II of this work is devoted to derivation of
formulae for transverse viscous forces in a model Carr wall as well as
suggestions of possible dynamic consequences of these forces in EHD’s.
Section III is a discussion of the relevance of the suggested TAVF
mechanisms to observed dynamic phenomena in some EHD’s of Ref.
3 (below referred to as IF) and other instabilities.

Il. TRANSVERSE BODY FORCES

In the presence of certain nonzero spatial derivatives of the velocity
and director fields, anisotropic viscosity can cause body forces trans-
verse to the direction of flows. These kinds of transverse forces are
specific to anisotropic fluids, and their existence has been demon-
strated in an experiment by Pieranski and Guyon in a Poisseuille flow
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of a nematic, with director orientation oblique to the flow.* Below, we
will try to find expressions for transverse forces in Carr walls as
implied by the assumptions of the Carr model, and suggest mecha-
nisms by which these forces are likely to cause longitudinal wall
splitting, movement of asymmetric walls and other dynamic phenom-
ena.

Since the anisotropic viscous forces tend to modify the assumed
flows and director distributions, a more complete understanding of the
phenomena we are dealing with can be gained in principle by an
iterative process, in which one calculates the viscous forces in an
assumed flow and director field configuration, then recalculates these
fields (and possibly the charge distribution) taking into account the
calculated forces, and then proceeds with new iterations. Although
such an iterative procedure might prove useful, our aim at present is
more modest. We only try to find qualitatively, under simplifying
assumptions, the first order transverse forces which develop in a
straight wall because of the flows assumed by the Carr model, and
figure out possible dynamic consequences.

Let us look at a model Carr wall referred to coordinates as shown in
Figure 2 and whose section is shown in Figure 3a for a symmetric wall
and in 3b for an asymmetric one. The x axis is along the length of the
wall, and the y axis along its height. The director distribution A(7) is
planar, in the sense that although it can be distorted, 77 always lies in a
well-defined plane, viz. the yx’ plane (the x’ axis lies along the

FIGURE 2 Schematic wall referred to coordinates as used in text.
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FIGURE 3 Symmetric (a) and asymmetric (b) model Carr walls consistent with the
simplified assumptions under which expressions for transverse anisotropic viscous forces
are derived in the text.

projection of 7(7) in the xz plane). We let a be the angle between the
wall and the yx’ plane (i.e. xox” = a).

In a real experiment the wall could be confined in a nematic layer
parallel to the xz plane (e.g. with parallel plates located at y = 0 and
y = 1). Adjustment of the director field to the alignment at the top of
the nematic layer and to the bulk surrounding the wall requires
(mostly) splayed regions (cf. Figure 1). As required by continuity, at
the bottom and the top of the wall, close to the surface of the nematic
layer, the flow should divide into two parts along the z and —z
directions (cf. Figure 1). We neglect the effects of these flows.

In order to find the components F,, F, of the transverse forces in the
walls we use

R M

(Summation over repeated indices is understood here and below.)

The ¢, are the components of the Leslie-Ericksen stress tensor for a
nematic expressed in terms of the viscosity coefficients a,(i = 1 to
6):>°

L= alni(nkAklnI)nj + oy, N, + azn N, + ay A,

+tasnn Ay + agnng A, (2)
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where

A l(av,+3vj);

=7\, 7,
with v, the ith components of flow velocity and

N =iy — wyny

dv. av,
with w..=—1-(l——i);

n; are the director components. We find it convenient to express 7 in
spherical polar coordinates (7, 8, a) with r = 1, while 4 is the angle
between 77 and the y axis, a as defined above is the angle between the
projection of 7 in the xz plane and the x axis. Thus 0 < a < 27 and
0 < @ < 7. In these coordinates:
sinfcos a

) (3)

a(y,z)= ( cos
sin #sin a

where @ = 6(y, z) and a is constant for a straight wall as is the case in
the present treatment. The flow as shown in Figures 2 and 3 is along
the y-axis and we assume its velocity varies only as a function of z.
Thus

0 0 0
5
a-12 0% 2 4)
s
0 7 0
with
dv
ss—a—zl; v, =0,(z)

In calculating N, we neglect n = dn,/dt, which is zero for static
walls and introduces only a small renormalization of viscosities for
walls of this kind moving at reasonable speeds.” Thus:

A
N=3

0
—sinfsina (5)
cos 8



306 D. IGNER AND J. FREED

We use Egs. (1)-(5), the Parodi-Onsager relation:>® ag — a5 = a, +
a,, and also, we recognize that #,,(s, 8, &) = s(z)g;;(0, @), but a is
independent of the x; here as already noted. We find:

ds ae a0
Fx=f1,x52—+f2,xsa_+f3,xsz (6)
a0 a0
F flzaz+f22 a +f3z az (7)
where
Q. L a; + ag .
fiix= 2 Sim fsin2@sinasin2a + y sin 26 cos «
fox= T sin4sin2a + (aé—?ﬁl sin 26 sin 2«

fix= 71(2 cos 28 sin’f + sin?26) sin 2a sina + %~ % cos26cos a

and

a; . . . L7 .
fi.= 71 sin’f sin 26 sin’a + —29 sin 26 sin &

I =2 §in46sin’a — (a A% %) :)

3 3 sin 26 cos’a

L= %(2 sin®0 cos 20 + sin?28) sin’a + a4cos 26 sin a

The F,, F, components can be seen as composed of terms of two
different origins: The terms in (ds/dz) = (32vy /3z?) can be nonzero
in the presence of a uniform director distribution, the terms in
(38/9x,) require a distorted director distribution and just s =
(dv,/9z) # 0.

In a symmetric wall, the values of 8, a, s, (ds/dz), (d8/dy),
(38/dz) in an element around x, y, z in one side of the wall relate to
their values in the symmetry related element around x, y, —z by:

4-0, a— 7+ a; s —5;
ﬂ_)ﬁ. 80 a0 ﬁﬂ—% (8)
dz  dz’ ay ay iz az

Using (8) we find that TAVF in the two halves of a symmetric wall are
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related by

F(x,y,z)= —F(x,y,~z)

F(x,y,z)= —F(x,y,~z) (9)
and

E(x,y,2)=FE(x+38,y,z)

for any finite § in an infinitely long wall. Also
F(x,y,2) = F(x +8,y,2)

To proceed further we note that v,(z) decreases rapidly to the sides
in the +z and —z directions in the Carr model. This implies (in the
absence of singularities) that s # 0 in at least part of the wall region
with s > 0 for z <0 and 5 < 0 for z > 0; we assume (ds/dz) <0
corresponding to a maximum in v, at z = 0. We shall also assume for
simplicity that z = 0 is at the center of the wall.

Eq. 7 for F, has a complex angular dependence, but we do note that
as 0(y, z) varies as a function of coordinates within the wall, then it
could be possible for F, to change sign. This could be due to either
sign change in (d6/dy) and/or (38/9z) or else to the angular
dependence of the f; .. In general, an overall negative F, for z > 0
(with a corresponding positive F, for z < 0, cf. Eq. 9) would imply that
the force components in the two sides of the wall point towards the
interior of the wall (i.e. they are “focalizing”® the flow toward the
middle of the wall). While this is likely to be the dominant behavior in
a stable wall, it could be that, as a wall grows, then in particular
regions there would be a change of sign of F,, which if large enough,
could cause the flow to be pulled outward from the wall toward the
sides before it reaches the top. We do wish to point out that in the case
of an EHD the repulsive Coulombic forces associated with the charge
flows, which we have not explicitly considered in our analysis, would
tend to help this “outward refocussing.” In an EHD, this could
possibly cause a longitudinal splitting of the wall. The flows and the
charges ejected out of the wall to the sides could interact with the
director field and cause formation of two new splay-bend distortions
on the sides, distortions which will focalize® the flows and replace the
central splay-bend “heap.” One of the possible “scenarios” for such a
mechanism is illustrated in Figure 4 together with a further possible
step which could bring about formation of “core flow” [sec. III, B-2a
in IF]. Other possible ways will be discussed in an example below.
Static and dynamic splitting of what are thought to be Carr walls are
actually seen in EHD’s. For example, every second wall in the right
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FIGURE 4 Suggested mechanism for Carr wall splitting in Electrohydrodynamic
instabilities. The details of possible mechanisms are sensitive to the set of Leslie’s
viscosity coefficients a;. Dominance of a positive a; is supposed in this simple example
(vs. ag dominance in the example discussed in the text). (a) Unsplit wall. (b) Sharpening
of the distortion (occuring during the wall growth, or under higher excitation voltages)
can cause transverse viscous body forces on the flows to become directed toward the
outside of the wall. These forces could cause flows to get out of the wall, on the sides,
where they create new splay-bend distortions (broken lines). (¢) The central heap is
replaced by a double humped structure which focalizes a new flow configuration. (d)
Sharpening of the two “humps” can bring creation of “core flow” (the flow between
walls) in a way similar to transition from (a) to (b) and also because of continuity
requirements.
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FIGURE 5 A suggested interpretation of the VGMYV instability> showing (a) the
director distribution in an a-type sample prior to application of an electric field; (b) the
director distribution in the walls and surroundings in the presence of an electric field, in
which the oblique boundaries are assumed to induce the asymmetry in the walls; (c) the
flow lines and velocity profile; (d) “VGMV” schematic showing the outward flow lines
from the wall.
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FIGURE 6 A suggested interpretation of the “flow-figure” of the low voltage type a
sample DC instability of Ref. (3). (a)-(d): similar to Figure 5 except for the flow-figure.

side of the photograph 5 plate 8 in IF showing a VGMYV instability
appears to be longitudinally split; (this is not very easily visible in the
printed reproduction). Our suggested model for the VGMYV is il-
lustrated in Figure 5. The replication mechanism of the type a sample
low voltage DC instability of IF (sec. III, B2a and plates 3, 4, 5, Ref. 3
and illustration in Figure 6 here) also involves a local or propagated
splitting of the wall, leading to the formation of a core flow.> “Bad”
flow figures (IF, sec. III, B2a and photograph 1 plate 8) also possess
double-walled “branches” apparently containing an elongated core
flow in between. Splitting is also seen in Williams Domains lines
above the threshold, in a regime in which the Carr wall model might
apply (e.g. Figure 26b, Ref. 6).

In order to make further progress with Eq. 7 to illustrate the TAVF
mechanism for wall splitting we need to know the relative magnitudes
of the viscosity coefficients a;, a;, and a,. These are not known for
nearly all liquid crystals. If we regard the set of values that have been
fairly accurately determined for MBBA as indicative (a; = 6.5 + 4,
a; = —1.1 £ 0.2, and ag = —34 + 2 in units of cp. at room tempera-
ture)®® we would be led to conclude that a4 is dominant and negative.
It has been argued that a; should be small.® Then we obtain:

Qg . .
f..= -2—6 sin2fsina

o . )
f.=— -5 sin 26 cos“a

f3,. = agcos2fsina
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Experimentally, (for the Nematic Phase V) « = 20°-25°.2 Thus for
z > 0, f,,(ds/3dz) makes a positive contribution to F,, while the sign
of f, ,5(30/dy) is opposite to the sign of (d8/dy), and that of
f3..5(88/3z) is the same as the sign of (36/3dz) for § < 45° and
opposite for § > 45°. In Figure 3a we observe that for this symmetric
director pattern: (d6/dy) < 0 and (d8/9z) < 0 for z > 0. Thus a
“focalization” of flows in the wall would require that f; ,s(36/3z) be
dominant in F, and 8(y, z) < 45° over most of the wall. However, in
a region of large #(y, z) this term would become positive, and this
would cause a change in sign of F,. In Figure 2, § will be large only
near z = 0, but s = 0 for z = 0, so this may not be satisfactory to
achieve a change of sign in F,. But if the first two terms in Eq. 7 are
making appreciable contributions, then it would only be necessary for
the third term to decrease somewhat due to an increase in 4 for F, to
change sign. Another possibility is to note, in Figure 1, that there are
upper splay regions shown [for which there is some experimental
evidence, namely interference fringes contouring around the outer side
of the A-shape form (cf. Figure 6) of the flow figures®]. In these
regions (d0/dz) > 0 for z > 0, so they could be regions of “outward
refocussing” if f; ,5(38/9z) is dominant. In concluding this example,
we remind the reader that we do not yet know what the unique
physical properties of Phase V are that lead to observations shown in
IF but are not observed in MBBA. Thus this example is largely for
illustrative purposes.

Perhaps an even more likely effect of TAVF could be the movement
of asymmetric walls. Asymmetric Carr walls could be formed by
oblique boundary conditions’ (cf. Figure 3b, 5 or 6), or close to places
of irregularities in the preparation of planar samples (which induce
some kind of asymmetry over regions of the nematic), or with arrange-
ments which lead to creation of inhomogeneous electric fields in
planar samples.” For focalizing flows in a static wall the resultant
TAVF, F.i + Fk in the two sides of a symmetric wall are equal and
opposite and balance to zero net transverse force (except perhaps for
small regions at the ends of the walls). When the wall is asymmetric,
the sum of the TAVF of the two halves of the wall could become
nonzero. The net TAVF could cause the flow inside the wall to move
in the xz plane. The nematic splay-bend distortion would tend to
move to adjust to the shifting mass and charge flow as this moves in
the xz plane. This is because flow, charge, and distortion are coupled:
fluctuation in one of these quantities brings about the adjustment of
the others. (This was shown to be the case close to the threshold for
instability in simple EHD’s,*!° and we have no reason to suspect it
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will not be the case in related EHD’s and at higher excitation regimes.)
In the experiments in IF?, movement of presumed asymmetric Carr
walls was observed. For example, the flow figures with and without
core flow of IF (sec. 111, B2a and plates 3-6 of Ref. 3, illustrated here
in Figure 6), interpreted in IF (sec. 111, B4) in terms of Carr walls (but
without mention of asymmetry) are examples of what could be asym-
metric Carr walls moving under resultant TAVF.

Two other phenomena in which, we believe, TAVF could play a
role, are the growth in length of the walls (e.g. growth of the “branches”
of flow figures, sec. IIIB, 2a in IF) and the process of folding and
unfolding (sec. IIIB, 2b in IF). Unbalanced F, components due to
asymmetry in (or end effects of) the walls might eject charged flows
out of the open end of a growing wall. These charged flows could
cause further splay-bend distortions and y axis oriented flows, thus
elongating the wall.!! We also suspect that the incipient stage of the
folding process (sec. 11IB, 2b in IF) could be caused by the sudden
growth of unbalanced F, forces in (what we believe are) asymmetric
Carr walls which will tend to take on the slope of a sine generated
curve'? under this stress, if the only constraint is a single fixed end
toward which the F, resultant is directed. The subsequent development
of this process seems to be much more intricate.

Il. DISCUSSION

While the above suggested mechanisms for phenomena in IF involving
what are believed by the authors to be Carr walls might have a role to
play in some of the EHD’s of that study, further work will be needed
to prove this. Explanations in terms of the Carr wall model were
advanced in IF for the VGMV and the low voltage a- and p-type
sample DC EHD’s (sec. I1IB in IF). The experimental observations are
compatible with the Carr wall explanation, but cannot, as yet, be
regarded as providing firm proof of the existence of Carr walls in these
instabilities. While the flows between the presumed Carr walls of the
VGMY and the core flow surrounded by the presumed cylindrical
Carr wall (of the low voltage a type cell DC instability) were estab-
lished by observation of dust particle movement, the same kind of
observation within the presumed walls themselves are still not conclu-
sive.!® The sudden jump of a dust particle when it hits a “wall” could
be of electrostatic or other origin than from encountering a strong
flow; the behavior of a dust particle encountering a cylindrical wall is
not always the same, and the observations of IF in this respect are still
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incomplete. The evidence for existence of flows in the “branches” of
the flow figures (sec. I1IB, 2a IF) which are supposed to be Carr walls,
too, is still only indirect.

The possibility that the Carr wall model could lead to an explana-
tion of dynamical phenomena observed in IF, as we have suggested in
Sect. I, may be regarded as further indication that these observed
EHD’s could possibly involve Carr walls. Certainly further work is
necessary to prove this. )

We also wish to remark that TAVF might play a role in some
EHD’s close to the threshold, too. This can happen in EHD where
there exists a bend or a splay-bend mode associated with flows (like
the case of Williams domains), if there is no symmetry about any
plane perpendicular to the wavevector of the mode. Our arguments
about movement of asymmetric Carr walls are not specific to the
non-linear regime, narrow walls and flows etc., and could be adapted
to apply to lower excitation regimes. Quite often at voltages slightly
lower than the overall threshold for instability of Williams Domains,% 4
moving rolls are observed to originate at places of imperfection in the
sample (of a quite common but yet unidentified kind'®). The rolls are
continuously emitted (i.e. not discretely) and the resulting undulating
pattern fades away at a distance which grows with increasing voltage.

The movement of these rolls as well as the movement of the solitary
vortices observed by Ribotta’ under conditions in which there is
obvious asymmetry about any plane perpendicular to the direction of
their movement, could also possibly be caused by unbalanced TAVF
of the type we have suggested for movement of asymmetric Carr walls.
Clearly, further experimental investigation of such phenomena under
more controlled conditions is required before one can accept such a
model.
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